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New Robot Definition
• Feature for assignment 3


• Everyone will submit as a pair of students


• You can choose pairs or come to interactive session


• This Wednesday, February 23rd

• Every team will showcase their robot during interactive session (with pizza!)


• Push your new definition to “robots/new_robot_description.js" by the 
showcase


• 1 point for working forward kinematics


• 1 point for showcasing their robot
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Forward Kinematics

Inverse Kinematics

Robot Kinematics
Goal: Given the structure of a 
robot arm, compute

 

       Forward kinematics: infer the 
pose of the end-effector, given the 
state of each joint (Lecture 7-8)

 

– Inverse kinematics: inferring 
the joint states necessary to reach 
a desired end-effector pose.


       start with linear algebra 
refresher (Lecture 6)


http://autorob.org
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Operating System

Hardware

Users

Robot Operating System

Robot Applications

Robot Kinematics

Forward Kinematics

Inverse Kinematics

Goal: Given the structure of a 
robot arm, compute

 

       Forward kinematics: infer the 
pose of the end-effector, given the 
state of each joint (Lecture 7-8)

 

– Inverse kinematics: inferring 
the joint states necessary to reach 
a desired end-effector pose.


       start with linear algebra 
refresher (Lecture 6)


http://autorob.org
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Forward kinematics

Motion control

Robot Operating System

Path Planning

Motion Planning

Forward Kinematics

Inverse Kinematics

Feedback Control

Dynamical Simulation

Localization and Mapping

Robot Middleware Architecture (via Interprocess Communication)

Decision Making
Systems

Robot Vision

Task planningMulti-robot Coordination

Collision Detection

Covered at breadth in AutoRob
Lecture 2

Lecture 4

Lecture 5

Lectures 7-8

This and last Lecture

http://autorob.org


Gradient Descent

Inverse Kinematics: 2 possibilites
• Closed-form solution: geometrically infer satisfying configuration


• Speed: solution often computed in constant time


• Predictability: solution is selected in a consistent manner 


• Solve by optimization: minimize error of endeffector to desired pose


• often some form of Gradient Descent (a la Jacobian Transpose)


• Generality: same solver can be used for many different robots 

(Lecture 11)


(Lecture 12)
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http://scratch.mit.edu/projects/10607750/

Try this

What was your best score?

http://autorob.org
http://scratch.mit.edu/projects/10607750/
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http://scratch.mit.edu/projects/98124079/

My remix

http://autorob.org
http://scratch.mit.edu/projects/98124079/
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Aggressively tuned IK

http://autorob.org


Michigan Robotics 367/320 - autorob.org

Conservatively tuned IK

http://autorob.org
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How is this possible?

http://autorob.org
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How is this possible?

Jacobian Transpose

http://autorob.org
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Current
endeffector

locationTarget
endeffector

location

http://autorob.org
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Current
endeffector

locationTarget
endeffector

location

http://autorob.org
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Endeffector
error

Can we move the 
endeffector to 
minimize error?

http://autorob.org
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Endeffector
error

Can we move the 
endeffector to 
minimize error?

Yes!

convert linear velocity at endeffector 


to angular velocities at joints.

http://autorob.org
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Can we move the 
endeffector to 
minimize error?

Yes!

convert linear velocity at endeffector 


to angular velocities at joints.

Desired
endeffector

displacement

http://autorob.org
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Can we move the 
endeffector to 
minimize error?

Yes!

convert linear velocity at endeffector 


to angular velocities at joints.

Desired
endeffector

displacement

Joint angle
displacements

http://autorob.org
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How are linear and angular 
velocity related?

http://autorob.org
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How are linear and angular 
velocity related?

Consider the velocity of a point

http://autorob.org
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Consider the velocity of a point

http://autorob.org
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Consider the velocity of a point

http://autorob.org
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r1

v1

point

linear velocity

angular velocity

Consider the velocity of a pointVelocity of Point Rotating in Fixed Frame

rotation axis

(out-of-plane)

http://autorob.org
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Consider the velocity of a pointVelocity of Point Rotating in Fixed Frame

rotation axisangular velocity

of points in frame


wrt. axis k rotation speed of frame

r1

v1

point

linear velocity

angular velocity

rotation axis

(out-of-plane)

http://autorob.org
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Consider the velocity of a pointVelocity of Point Rotating in Fixed Frame

rotation axisangular velocity

of points in frame


wrt. axis k

r1

v1

point

linear velocity

angular velocityrotation axis

vector to point

in frame

linear velocity

of points in frame


wrt. axis k

endeffector

linear velocity

rotation speed of frame

http://autorob.org
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Consider the velocity of a pointVelocity of Point Rotating in Fixed Frame

rotation axisangular velocity

of points in frame


wrt. axis k

vector to point

in frame

linear velocity

of points in frame


wrt. axis k

joint rotation axis
endeffector


linear velocity

vector from 
joint origin to 
endeffector

rotation speed of frame

http://autorob.org
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joint rotation axis
endeffector


linear velocity

vector from 
joint origin to 
endeffector

This is not what we wanted.


Why?

http://autorob.org


Michigan Robotics 367/320 - autorob.org

Jacobian Transpose

joint rotation axis
endeffector


linear velocity

vector from 
joint origin to 
endeffector

This is not what we wanted.


How to obtain joint angular 
velocity from endeffector 

linear velocity?

http://autorob.org
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Jacobian Transpose

joint rotation axis
endeffector


linear velocity

vector from 
joint origin to 
endeffector

This is not what we wanted.


How to obtain joint angular 
velocity from endeffector 

linear velocity?

http://autorob.org
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joint rotation axis

desired

endeffector

displacement

vector from 
joint origin to 
endeffector

Jacobian 
for joint i

Jacobian Transpose

Angular 
displacement 
for joint i

Procedure (for each joint):
1) Compute Jacobian

2) Update joint angles using Jacobian transpose

3) Repeat forever (or until error minimized)

http://autorob.org
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IK as Error Minimization

http://autorob.org
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IK as Error Minimization

Gradient Descent Optimization

http://autorob.org
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Inverse kinematics as error minimization

e(q)

Define error function e(q) as difference 
between current and desired endeffector 
poses


Error function parameterized by robot 
configuration q


Find global minimum of e(q):  argminq e(q)


http://autorob.org
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Inverse kinematics as error minimization

Define error function e(q) as difference 
between current and desired endeffector 
poses


Error function parameterized by robot 
configuration q


Find global minimum of e(q):  argminq e(q)


e(q)

How could we find argminq e(q) if we knew 
e(q) in closed form?  

http://autorob.org
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Take derivative

Verify 

Solve for x where derivative is zero 

Example: Find global minimum of function 

http://autorob.org
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Take derivative

Verify 

Example: Find global minimum of function 

Solve for x where derivative is zero 

http://autorob.org
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Example: Find global minimum of function 

Take derivative

Verify 

Solve for x where derivative is zero 

http://autorob.org
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Take derivative

Verify 

Example: Find global minimum of function 

Solve for x where derivative is zero 

http://autorob.org
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http://autorob.org
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cos(3πx)/x,Example: cos(3πx)/x, 0.1≤ x ≤1.1

http://autorob.org
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cos(3πx)/x,

http://autorob.org
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Every zero crossing 
of f’(x) is an optimum

http://autorob.org


Michigan Robotics 367/320 - autorob.org

Every zero crossing 
of f’(x) is an optimum

http://autorob.org
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Define error function e(q) as difference 
between current and desired endeffector 
poses


Error function parameterized by robot 
configuration q


Find global minimum of e(q), 

    or, argminq e(q)


But, do we know e(q) in closed form?

Inverse kinematics as error minimization

e(q)

http://autorob.org
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Gradient Descent

F(x)

xGoal configuration is 
at the basin of F(x)

Error function F(x) 
over configurations x

Assign initial solution guess x0

Repeat

until ||xi - xi-1|| is “small”

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Goal configuration is 
at the basin of F(x)

Error function F(x) 
over configurations x xi+1 = xi - 𝛾i    F(xi)𝝙 

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

Consider x such that F(x) = G 

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org


Michigan Robotics 367/320 - autorob.org

Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

Consider x such that F(x) = G 

rate of change 
gradient will 
be negative

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

negative gradient will move next x in positive direction

xi+1 = xi - 𝛾i    F(xi)𝝙 
rate of change 
gradient will 
be negative

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

next iteration will move closer to goal

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

next iteration will move closer to goal

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org
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Gradient Descent

F(x)

x

Next solution

Current solution “Learning rate”

Derivative assumed to be direction 
of steepest ascent away from goal

until convergence

xi+1 = xi - 𝛾i    F(xi)𝝙 

http://autorob.org
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What is the derivative of 

robot configuration?

http://autorob.org
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What is the derivative of 

robot configuration?

rate of change of

the endeffector 

with respect to

http://autorob.org
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What is the derivative of 

robot configuration?

Geometric Jacobian

http://autorob.org
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The Jacobian
A 6xN matrix

assuming forward kinematics:

represents partial derivative:

3D N-link arm

Each column transforms 
velocity at the endeffector 

to velocity at a DOF

Geometric

http://autorob.org
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The Jacobian
A 6xN matrix

3D N-link arm

i=0 is base frame

i=n is endeffector frame

i-1th frame maps to ith column

Note: figure taken from Spong et al. 
textbook, which assumes D-H 

parameters and offset column index

http://autorob.org
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The Jacobian
A 6xN matrix

consisting of two 3xN matrices

3D N-link arm

with overall form

Change in an endeffector 
variable wrt. change in a 

joint variable

http://autorob.org
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The Jacobian
A 6xN matrix

linear

angular

vector of

of joint 
angle


velocities

linear velocity of endeffector

angular velocity of endeffector

consisting of two 3xN matrices

3D N-link arm

http://autorob.org
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The Jacobian

Ji for a rotational joint

A 6xN matrix

linear

angular

consisting of two 3xN matrices

3D N-link arm

Ji for a prismatic jointJi is a single column 
of the Jacobian matrix


Z is joint axis in 
world coordinates


(overloaded notation) 

http://autorob.org
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The Jacobian

on: endeffector

oi-1: joint 
origin

zi-1: joint axis

A 6xN matrix

linear

angular

Ji for a rotational joint

Ji for a prismatic joint

vectors in 
base frame

http://autorob.org
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The Jacobian
zi-1: joint axis

Jvi

(Jwi)

linear

angular

A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

http://autorob.org
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The Jacobian
zi-1: joint axis (Jwi)

linear

angular

A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

http://autorob.org
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All quantities must be expressed 
in the world frame

Endeffector: 

Joint axis:

Joint origin:

Important
zi-1: joint axis (Jwi)

http://autorob.org
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How did we get the 

Geometric Jacobian?

http://autorob.org
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assuming velocities expressed in the same frame

Velocity of Point Rotating on N-link Arm

Angular Velocity

http://autorob.org
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Velocity of Point Rotating on N-link Arm

consider effect of all frames 
(0..n) on endeffector

http://autorob.org
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Velocity of Point Rotating on N-link Arm

Linear Velocity for Rotational Joint

position of endeffector frame

http://autorob.org
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Velocity of Point Rotating on N-link Arm

Linear Velocity for Rotational Joint

take derivative wrt. 

ith joint angle

http://autorob.org
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Velocity of Point Rotating on N-link Arm

Linear Velocity for Rotational Joint

http://autorob.org
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IK Prodedure Restated

http://autorob.org


Michigan Robotics 367/320 - autorob.org

The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

Geometric

IK Procedure restated:

http://autorob.org
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IK Procedure restated:

The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

Geometric

compute 
endpoint 

error

http://autorob.org
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IK Procedure restated:

The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

Geometric

compute 
endpoint 

error

compute step 
direction

http://autorob.org
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IK Procedure restated:

The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

Geometric

compute 
endpoint 

error

compute step 
direction

perform step 
direction

http://autorob.org
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IK Procedure restated:

The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint

Geometric

compute 
endpoint 

error

compute step 
direction

perform step 
direction

repeat

http://autorob.org
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The Jacobian
A 6xN matrix

Ji for a rotational joint

Ji for a prismatic joint
when can we invert J(q)?

http://autorob.org


Jacobian Transpose 

revisited
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Jacobian Transpose

http://autorob.org
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Jacobian Transpose

http://autorob.org
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Error Minimization by Gradient Descent using Jacobian Transpose
Jacobian gives mapping from 
configuration displacement to 

endeffector displacement

Inverse of Jacobian maps 
endeffector displacement to 
configuration displacement

But, inverse of Jacobian is 
rarely an option.  Why?

Instead, find configuration 
that minimizes endeffector 

error squared

<latexit sha1_base64="nf37Zlh6tbOng3wE2p0GWfzpmEk=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBD0YNgVUS+CKIjHCCYRsjHMznbi4OzsOtMrhmW/xou/4sVDRMSbn+LkcfDVMENR1UV3V5BIYdB1P5yJyanpmdnCXHF+YXFpubSyWjdxqjnUeCxjfRUwA1IoqKFACVeJBhYFEhrB7elAb9yDNiJWl9hLoBWxrhIdwRlaql068lMVWh0wu8szH+EBM6a7NBIqz33rxOGXnW3dbe88tMNv3PVusV0quxV3WPQv8MagTMZVbZf6fhjzNAKFXDJjmp6bYMtORMEl5EU/NZAwfsu60LRQsQhMKxuemdNNy4S0E2v7FNIh+92RsciYXhTYzojhjfmtDcj/tGaKncNWJlSSIig+GtRJJcWYDjKjodDAUfYsYFwLuyvlN0wzjja5QQje75P/gvpuxduv7F3slY9PxnEUyDrZIFvEIwfkmJyTKqkRTh7JM+mTV+fJeXHenPdR64Qz9qyRH+V8fgE9MKdq</latexit>

arg min
q

||F (q)� xd||2

where             denotes endeffector pose given current configuration, 
<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q<latexit sha1_base64="s3x8IjsNEgDrHufkXyzDPH9L94A=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkoiRb0IRUE8VrAf0Iay2W7apZtNursRS+if8OJBEa/+HW/+G7dtDtr6YODx3gwz8/yYM6Ud59vKrayurW/kNwtb2zu7e/b+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vBm6jcfqVQsEg96HFMvxH3BAkawNlLrtjQ6vXrqiq5ddMrODGiZuBkpQoZa1/7q9CKShFRowrFSbdeJtZdiqRnhdFLoJIrGmAxxn7YNFTikyktn907QiVF6KIikKaHRTP09keJQqXHom84Q64Fa9Kbif1470cGllzIRJ5oKMl8UJBzpCE2fRz0mKdF8bAgmkplbERlgiYk2ERVMCO7iy8ukcVZ2z8uV+0qxep3FkYcjOIYSuHABVbiDGtSBAIdneIU3a2S9WO/Wx7w1Z2Uzh/AH1ucPFtmPXQ==</latexit>

F (q) = xn

http://autorob.org
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<latexit sha1_base64="nf37Zlh6tbOng3wE2p0GWfzpmEk=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBD0YNgVUS+CKIjHCCYRsjHMznbi4OzsOtMrhmW/xou/4sVDRMSbn+LkcfDVMENR1UV3V5BIYdB1P5yJyanpmdnCXHF+YXFpubSyWjdxqjnUeCxjfRUwA1IoqKFACVeJBhYFEhrB7elAb9yDNiJWl9hLoBWxrhIdwRlaql068lMVWh0wu8szH+EBM6a7NBIqz33rxOGXnW3dbe88tMNv3PVusV0quxV3WPQv8MagTMZVbZf6fhjzNAKFXDJjmp6bYMtORMEl5EU/NZAwfsu60LRQsQhMKxuemdNNy4S0E2v7FNIh+92RsciYXhTYzojhjfmtDcj/tGaKncNWJlSSIig+GtRJJcWYDjKjodDAUfYsYFwLuyvlN0wzjja5QQje75P/gvpuxduv7F3slY9PxnEUyDrZIFvEIwfkmJyTKqkRTh7JM+mTV+fJeXHenPdR64Qz9qyRH+V8fgE9MKdq</latexit>

arg min
q

||F (q)� xd||2

Error Minimization by Gradient Descent using Jacobian Transpose

Instead, find configuration 
that minimizes endeffector 

error squared

Define cost function 
expressing squared error

<latexit sha1_base64="N62OLYn2BuZx3bB6iQNUg2Xnd58="></latexit>

C = (F (q)� xd)
2

= (F (q)� xd)
T (F (q)� xd)

= F (q)TF (q)� F (q)Txd � xT
d F (q) + xT

d xd

= F (q)TF (q)� 2F (q)Txd + xT
d xd

http://autorob.org
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<latexit sha1_base64="wo3gPqQ4lwxie/xJSA3vcfJL2N4="></latexit>

dC

dq
= 2J(q)TF (q)� 2J(q)Txd + 0

= 2J(q)T (F (q)� xd)

= �2J(q)T�x

Error Minimization by Gradient Descent using Jacobian Transpose
Define cost function 

expressing squared error

Take cost derivative 
wrt. configuration

step length (gamma) chosen 

as update step scale

<latexit sha1_base64="FrIMfe0SLyKIVYzoehdoQG5kQk0=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoiGWmFHUjFAviskJf0I5DJpNpQzMPk4xYhv6CG3/FjQtF3Lpz59+YaWeh1QNJTs65l+QeJ2JUSMP40nILi0vLK/nVwtr6xuaWvr3TFmHMMWnhkIW86yBBGA1IS1LJSDfiBPkOIx1nVE/9zh3hgoZBU44jYvloEFCPYiSVZOul+vll6fbwpgnTAx7DCszu97YLj9J9xm29aJSNKeBfYmakCDI0bP2z74Y49kkgMUNC9EwjklaCuKSYkUmhHwsSITxCA9JTNEA+EVYynWgCD5TiQi/kagUSTtWfHQnyhRj7jqr0kRyKeS8V//N6sfTOrIQGUSxJgGcPeTGDMoRpPNClnGDJxoogzKn6K8RDxBGWKsSCCsGcH/kvaVfK5km5el0t1i6yOPJgD+yDEjDBKaiBK9AALYDBA3gCL+BVe9SetTftfVaa07KeXfAL2sc3ogCZLQ==</latexit>

C = F (q)TF (q)� 2F (q)Txd + xT
d xd

<latexit sha1_base64="O9yy7YIbDxfeoGNjZ9jNRgXHXWw="></latexit>

! �dC

dq
! �J(q)T�x ! �q

Take step in negative direction of 
gradient to descend cost

http://autorob.org
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Matlab 5-link arm example:�
Jacobian transpose

Initial configuration Iterations to goal

http://autorob.org
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Jacobian Pseudoinverse

http://autorob.org
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Pseudo Inverse

http://autorob.org
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Matlab 5-link arm example:�
Jacobian Pseudoinverse

Jacobian transpose Jacobian pseudoinverse

http://autorob.org
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Error Minimization by Jacobian Pseudoinverse
Define cost function 

expressing squared error

Take cost derivative

Set to zero and solve for configuration displacement

Normal form

http://autorob.org


Fitting polynomials to data
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Pseudoinverse, �
More Generally

• Pseudoinverse of matrix A:  A+=(ATA)−1AT approximates solution 
to linear system Ax=b

• The pseudoinverse A+ is a least squares “best fit” approximate 
solution of an overdetermined system Ax=b, where there are 
more equations (m) than unknowns (n), or vice versa

• Often used for data fitting, as a singular value decomposition

http://autorob.org


Michigan Robotics 367/320 - autorob.org

Julien’s Demo
https://herojeanpierre.github.io/Least_Squared_Best_Fit/

http://autorob.org
https://herojeanpierre.github.io/Least_Squared_Best_Fit/
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Which Pseudoinverse

• For matrix A with dimensions N x M with full rank

• Left pseudoinverse, for when N > M, (i.e., “tall”, less than than 6 DoFs)

• Right pseudoinverse, for when N < M, (i.e., “wide”, more than 6 DoFs)

s.t.

s.t.

http://autorob.org
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Optimization considerations

http://autorob.org
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Optimization considerations
• How to add constraints: joint limits, multiple endeffectors, preferred poses


• Null-space optimization: hierarchical application of additive constraints


• Resolved rate: constant magnitude control of endeffector velocity 


• Stochastic gradient descent: one randomly chosen column at a time


• Downhill simplex optimization: no derivatives required 


• Manipulability: analysis of Jacobian to relate configuration velocity to 
scaling ellipsoid for resulting endeffector velocities

http://autorob.org
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Maybe there is a simpler 
approach to IK?

http://autorob.org
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Cyclic Coordinate Descent 
[Wang, Chen 1991]

http://www.ryanjuckett.com/programming/cyclic-coordinate-descent-in-2d/

α Rotate joint s.t. 
endeffector lies within 
plane containing target 

location and joint origin

http://autorob.org
http://www.ryanjuckett.com/programming/cyclic-coordinate-descent-in-2d/
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Cyclic Coordinate Descent

http://www.ryanjuckett.com/programming/cyclic-coordinate-descent-in-2d/

Initial Rotate bone 3 
(to place end effector as 
close to target as possible)

Rotate bone 2 to place end 
effector as close to target as possible.

Rotate bone 1 to place end 
effector as close to target as possible.

Repeat until convergence

http://autorob.org
http://www.ryanjuckett.com/programming/cyclic-coordinate-descent-in-2d/


https://www.youtube.com/watch?v=MvuO9ZHGr6k
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Pros and Cons
• Cyclic Coordinate Descent


+  Fast to compute and simple to implement


-  Smoothness over time not considered


• Jacobian-based methods


+  General transform of velocities and wrenches between frames


-  Slower and subject to numerical issues and local minima

http://autorob.org
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Next topic:

Motion Planning
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