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Administrative

* Assignment #3: Forward Kinematics
* Due Friday, February 18, 11:59pom
* New quiz policy
* [ate quizzes will be accepted (including quiz 1-3)
e [ate policy follows that of projects
 Up to 80% within 2 weeks
* 60% within 4 weeks
* 50% by end of grading period
* Quiz questions can't be discussed on general slack

* Discussion limited to direct course staff or during office hours



New Robot Definition

* Feature for assignment 3
* Everyone will submit as a pair of students
* You can choose pairs or come to interactive session
* Next Wednesday, February 16th
* Dedicated course time for paired programming
* Following Wednesday, February 23rd
* Every team will showcase their robot during interactive session (with pizza')
* Push your new definition to “robots/new_robot_description.|s" by the showcase
* 1 point for working forward kinematics

* 1 point for showcasing their robot



|S your forward kinematics
working?



s your forward kinematics
working®

f yes, you can start working
with real robots



f yes, you can start working
with real ropots

Kineval + rosbridge
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In Nnon-COVID-19 semesters...

You would connect your working FK code
to a real robot (Michigan Progress Fetch

and take a picture together
For those who are Iinterested, let the course

staff know over slack. This will be possibile
following winter break
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Robot Kinematics

Goal: Given the structure of a
robot arm, compute

Forward kinematics: infer the
pose of the end-effector, given the
state of each joint (Lecture 7-8)

— Inverse kinematics: inferring /
the |oint states necessary to reach
a desired end-effector pose.

start with linear algebra

refresher (Lecture 6)
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Robot Kinematics

Goal: Given the structure of a
robot arm, compute

Forward kinematics: infer the
pose of the end-effector, given the
state of each joint (Lecture 7-8)

— Inverse kinematics: inferring
the |oint states necessary to reach
a desired end-effector pose.

start with linear algebra

refresher (Lecture 6)

Robot Applications

Robot Operating System

Operating System

Hardware
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Robot Operating System
Covered at breadth in AutoRob

Lecture 2 Lecture 5

Localization and Mapping Path Planning Feedback Control

Lecture 4

Dynamical Simulation

L ectures 7-8

Forward Kinematics

Robot Vision Motion Planning 7

Decision Making
Systems

Multi-robot Coordination Task planning

This and next Lecture

Robot Middleware Architecture (via Interprocess Communication)

Collision Detection
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Forward kinematics: many-to-one mapping of robot configuration to
reachable workspace endeftector poses

Global
(Frame w)

Furd Ehis Frombhese

Transform of endeffector

Base wrt. base Endeffector

(Frame 0) (Frame 6)
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Inverse kinematics: one-to-many mapping of workspace endeffector pose
to robot configuration

Global
(Frame w)

From Ehis  Fuad bhese

Transform of endeffector

Base wrt. base Endeffector

(Frame 0) (Frame 6)
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Inverse kinematics: how to solve for g = {64, ...,6n} from TON?

Global
(Frame w)

From Ehis  Fuad bhese

Transform of endeffector

Base wrt. base Endeffector

(Frame 0) (Frame 6)
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Inverse Kinematics: 2 possibilites

* Closed-form solution: geometrically infer satistying configuration
(Lecture 11)

o Speed.: solution often computed in constant time
* Predictabllity. solution Is selected in a consistent manner
* Solve by optimization: minimize error of endeftector to desired pose
(Lecture 12)
e often some form of Gradient Descent (a la Jacobian Transpose)

* (Generality: same solver can be used for many different robots



|_et's define IK
starting from FK
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Consider a planar 2-link arm as an example

Y2

Yo

e \‘

- - — -
.’ -
) e
P = /,
2 g
- ~\ . 9
u " y

% with 2 links with length «;i, ...
/
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Consider a planar 2-link arm as an example

Y2

L

with 2 links, 2 joints, ...
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Consider a planar 2-link arm as an example

Y2

L

with 2 links, 2 joints, coordinate frames at
each boay, and ...
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Consider a planar 2-link arm as an example

Y2

Robot configuration Y1

defined by DoF state g .
1

- 2 ahgular DOFs

q = [61,62]

joim& axes ouk

cﬁ ptame . ‘

with 2 links, 2 joints, coordinate frames at
each body, and configuration over DoFs

L
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Consider a planar 2-link arm as an example
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Endeffector
Link frame

L1

L

Remember a robot has N joint frames
and N+1 link frames
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Consider a planar 2-link arm as an example Frame 2 is the “tool frame”

:: N NS -
NS
y SR>

Y

O :

‘.! ’ 0
W :

Robot endeffector is Yo )

the gripper pose In
world frame

N -2 Cartesian DOFs

. ‘ Vo N .‘ 4 \\(/ >0 ._.’
. t g .
gy %" Yy o o o o
SR L ( } — - : ;‘
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Fndeffector pose A\
has position 0% anad
can consider

' ' 0
orientation RO\ Endeffector can be specified as

Qa poiv\% F’Z (origin of tool frame)

Endeffector defines work. Erame 1

‘tool frame” with  { @3 Tq
transform H=TO\ to - Endeffector transforms into p°
world frame in world frame


http://autorob.org

Endeffector axes
“Sliding” axis

s

“Normal”
axis

“Approach” axis
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Checkpoint: Transform
endeffector on link to world

endeffectorlink4

tool
frame
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Checkpoint: Transform
endeffector on link to world

endeffector®™d = Tworlden deffector ™ "
) ‘ world
endeffectorlink4 | endeffector
&00 {. " 01’1. d

frame frame



http://autorob.org

Forward kinematics: "given configuration, compute endetfector”

Y2 I2

Yo
A

Robot endeffector
'S the gripper pose
iINn world frame

2 Cartestan DOFs

ooy = Pc = (F’XO’PjO)

Robot configuration

. L1
defined by DoF state

2 ahgqular DOFs

q = [61,62]

- P -

L

7
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Forward kinematics: [0% Ro\] = f(q) : £(01,0:)
Y2 L2

o
1)

Yo
A

Y1

Robot configuration

2 . Robot endeffector
defined by DoF state 1

7 O 'S the gripper pose
N in world frame

2 Cartestan DOFs

ooy = F,o = (PXO’P:)C:’)

2 ahgqular DOFs

q = [61,62]

L


http://autorob.org

Forward kinematics: [0% RO\] = f(q) What is Fhe

y 18 o g o ‘
Vit F’Qsc&om and

orienkation of

the tool wrk,
the world?

of this matrix?

What are the elements What are the elements

of this vector?
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Forward kinematics: [0% RO\] = f(q) What is Fhe
L9

PQS&&QM and
orienkation of

the tool wrk,
the world?

L1

What are the elements
of this vector?
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Start wikh:
d?0 = R19d»>1 + (70

substitute in variables then Eoerﬂfwrm operations:

{60891 —sin@ll lagcosé’g} n lalcos&}

sinfly cost o S1Nnb- a1 S1nb
then substitute briq identities
cos(x + y) = cos(x)cos(y) — sin(x)sin(y)
sin(x + y) = sin(x)cos(y) + cos(x)sin(y)
to qet:

00 _ l What are the elements
N =

of this vector?

Thanks to Manan Siddiquee for catching my trig errors
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Forward kinematics: [0% RO\] = f(q)

cos( 6 -

Sin(91 -

L

a1 cos 81 + as cos(f1 + 6s)
a1 sin 61 + sin(91 -1 92)
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Forward kinematics: [0°% RO | =

Yo
A

endeffector™"? = TorldT! endeffector®®®

1d
endeffector™™” Tg’gg{“ (01, 03)endeffector®®®
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Inverse kinematics: "given endeftector, compute configuration”

- -
- -
- /
-

7
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Inverse kinematics: q = f-'([00RON])  [601,62] = ﬂf"‘l(p")
Y2 L2

Just consider
endeffector
position for now

L
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<

™ [] " Q 4

| DOF pendulum example

asSsSsume.

desired endeffector position |
| DOF motor at pendulum axis,

(0%\) given as an x,y location
motor servo moves arm to angle 0,

what is @,
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C M B3~ Goog Q) 4l B & -

| DOF pendulum example

4 P> $ > e /) Al_,\,'_'",.'r_.-: n«kins/

desired endeffector position
(09N) given as an X,y location

assume:
| DOF motor at pendulum axis,

motor servo moves arm to angle 0,

.
-
L
4
-
.
-
-
”
.
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Inverse kinematics: q = f-/([o% RON])  [61,6:] = £-2(x,y)
2

Y1

| desired endeffector position
R A (09N) given as location x,y

L

/ J/_ 7 /, lebs stkart bfj solving for 6;
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Inverse kinematics: q = f-/([o% RON])  [61,6:] = £-2(x,y)
Y2 L2

Yo

solve for 63

' - S — .
% how cain we E;wfer this
/ supplementary angle?
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Inverse kinematics: q = f-/([o% RON])  [61,6:] = £-2(x,y)
Y2

Yo

A sc;)i.\/e. ﬂfc)r 92

Law of Cosms
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Inverse kinematics: q = f-'([0% ROn])

Yo
A

[91;923 - ”le(x;fj?)

Y2 I2

U1 S(;)i.\/ﬁ “f(?r 62
L1
2 2
T —a? — o
T — 6y = cos™ (\/ Ty ) 2)
e 201 Qo
9 SO ’.\/@. ‘f ov 91
0, =

Consider two triangles


http://autorob.org

Inverse kinematics: q = f-/([o% RON])  [61,6:] = £-2(x,y)
Y2

Yo
A

solve “f(;)‘l” 62

(\/:192 Y2 —al—a%)

20&1052

solve for 0;
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| — : : 01,6 v 1()‘*; )
] I
{ 1;U2
' q f'1([0 N,R
kinem "5 j
e
Inve S

P
solve for
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inverse kinematics: (01,02) = f-!(x,y)

Yo

L1

s this the right
solubion?

L



http://autorob.org

elbow down
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elbow up

when s there one
solubion?

" elbow down
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Yo
when s Ehere no
solubion?
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when s Fhere no
solubion?
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Can we do IK for 3 links?



SHALL Wt PLAY A GAME?

[T http://scratch.mit.edu/projects/ 10607750/

O # Instructions

- Steer blue arm
using up/down keys

O

Touch the blue dot with the tip of the arm
as many times as you can in 60 seconds!

O

Touch this to start!
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How malny solutions ror this arm?
J

>

~ e

0
2
wuniowing
Remember:
Ax=
> b
cownskrainks

nmcinyan nuwutics 367/320 - autorob.org
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Inverse Kinematics: 2D
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Inverse Kinematics: 2D

TT‘&MSﬂfOrm »from
H e d@. "f “f@.@%@\” “f‘l’&MQ

Confiquration T, (q1;- -1 n)

q to world frame
1
R o
_ | 42 —
q = = [ 0 1 ]

dn
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Inverse Kinematics: 2D

* endeffector frame
to world frame

Configquration  T%(qi,---,dn)

d1

g2
q:

dn
RO (1, ) = R/

On(Q17 "t Qn) — 0O
Iverse F’OS&RQM
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Inverse Kinematics: 2D

. TN _ &—Transform from

-
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Inverse Kinematics: 2D

. TN _ &—Transform from

q = . | R o
g2 H_[O 1]

] y\/ Closed f«form solution ri1 T2 Og

r? +y® —af — a%) H = |T21 722 Oy

20&10&2

0y = cos

y/’/we
' . i 1 ol xo

3
a9 sin By ) .

6; = tan ! — tan !
! 0 (y/z) (al + o cos B9

) ¥ .
4 ..
“ ] - ]
I /
/
[ ¢
Wi m /.¢‘, T N Ol gt Loc B Co o2 /..—/ = 4 ol o IOV LA EA D ,.»/ GO S B S PSR NS T VI B U TP .~, = & S5 23 e e
= G g _ _ __< - . X _ < R S ~<_

—
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Inverse Kinematics: 3D

&— Transform from
\ endeffector

Confiquration T(q1,- -, qn)

d1
_ g9 H _ R 0O
LA P [o 1]
dn
iyt Ti12 T13 Og

ra1 T22 723

T31 T32 T33
0 0 O j

& DOF posi&mm and
orientation of endeffector
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Inverse Kinematics: 3D

&— Transform from
endeffector

Com{iguraﬁm T(q1,. - qn) =
d1
o 42 H = i o
LA P [ 0 1 ]

de

11 T12 T13 Og
T T T 0O

rsy 732 733 Oz
0O 0 0 1
& DOF position and
orientation of endeffector

Closed form §
solubion? .
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ZO 92 ,4 : 95
A 7Y A 0, A
S i i : e : R R : | S - > a
st gy L1 RREREL O e
-
ds Os n v s

C1

S1

Note: the shoulder (prismatic joint) is mounted wrong.

Stanford

_62(646566 — 8486) — 52585Cq

co(cacsCe — S486) — S255C6

Manipulator

— 51(84c5¢6 + €4S6)
+ c1(84c5¢6 + C46)

—389(c4c5c6 — S486) — C255S6

c1|—ca(cacss6 + 84C6) + 528586] — S1(—84C586 + C4Cs)
S1 :—62(646586 - 8466) 828536: -1 Cl(—S4C586 -1~ C466)

sa2(cacsS6 1+ 84C6) + 2556
C1 (626485 T 82(35) — 818455

81(020485 -+ 8265) + C184S85

—892C485 + C2C5

c182d3 — s1dg + de(ci1cacass + c1c582 — $15485)

8189d3 + c1do + d6(613485 + Cc2C481S85 + C58182)

cods + dg(cacs — €45255)

assumes D-H frames
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Detect, pick, and plce each characte

ROB
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Robot Air Hockey - Attisha, J 467 - Winter 2017
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Goswami, Bohr - EECS 467 - Win



http://autorob.org



http://autorob.org

B
exA
'm
(E
=
CS 46
-
/ R
O
B
5o
O

/ .
~ e .
.v\‘.
- .I.
=



http://autorob.org

RexArm (EECS 467 / ROB 550)

Find: configuration
q =101 0> 03 04]

as robot joint angles
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Given:

Find: configuration
q = (010203 04]

as ropbot joint angles
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Given: Find: configuration

ink lengths (La,Ls,L2,L1) q = [61 02 63 04]

~__~-._as robot joint angles
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Given: Find: configuration

ink lengths (La,Ls,L2,L1) q = [61 6205 04]

~__~-._as robot joint angles

endeffector position | Xg Vg Zgl
wrt. base frame
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Given: Find: configuration

INK lengths (|_4, L,Lz) q=[601 0203 04]

N _~>-_as robot joint angles

endeffector orientation ¢
as angle wrt. plane |
centered at ozand |
parallel to ground plane |

endeffector position [Xg Vg Zgl
wrt. base frame 3
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solve for 6,
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overhead view

solve for 6,
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overhead view
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solve for 6,

solve for 63
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Decoupling solve for 0
separate endeffector from
rest of the robot at last joint

T | - I \' %
7r\ / . .‘.e' " #% o 63 \ ) A \, .
'q- | "‘—_. : S, \\ i
'P C -/e , e S, O
- TNt — — — N —
l/ ¢ ' ' e‘.z
o f
' l . é“ AL
Z, 7 NN
3 \ Z' "\' ? \, = —_— AL.
’ ' P i
| e
| | P% =A4Ar L-‘
& ~— R
| SN g
AWl r I—— I o J/L
2 % 7 A ’[ o A/
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Decoupling solve for 0
separate endeffector from
rest of the robot at last joint

.-"Y

o, | - o
\’\_,‘\v\, . SN \
| e E L
L' .
.\ —1by s |
L | \ A ©
‘ . ~ 2

b X
| | A< S
AL
ZZ/ ' | | [
3 Z% < 1 == U
| ' |
| , »
| :é i
.l - — &) ;‘ and...
y, tl /o o A S '
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Decoupling:
separate endeffector from
rest of the robot at last joint

e e .

solve for 0

and joint 1 from rest
of robot
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2. 2. L \ 2
ZLlL
(5 RS Qﬂg?b
~ B £ 8, O
@.\{:.:

=\ G oo

E\ B b’\\) - dk. UNAY ™ ;

Ar ' O1

(Addition of angles in arm
plane starting from 2o)
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Why Closed Form!

® Advantages

® Speed: IK solution computed in constant time

® Predictability: consistency in selecting satisfying IK solution

® Disadvantage

® Generality: general form for arbitrary kinematics difficult to express
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X+dX

lterative Solutions
tO IK H(S): f(O+d®)

H{Ogoa)

® Minimize error between current
endeffector and its desired position

® Jransform desired endeffector
velocity into configuration space

® Repeatedly step to convergence at
desired endeffector position
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Inverse Kinematics: 2 possibilites

* Closed-form solution: geometrically infer satistying configuration
(Lecture 11)

o Speed.: solution often computed in constant time
* Predictabllity. solution Is selected in a consistent manner
* Solve by optimization: minimize error of endeftector to desired pose
(Lecture 12)
e often some form of Gradient Descent (a la Jacobian Transpose)

* (Generality: same solver can be used for many different robots



Next Class

e |K as an optimization problem
o (Gradient descent optimization
 Manipulator Jacobian as the derivative of configuration

 Advanced: IK by Cyclic Coordinate Descent
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Inverse Kinemalbics:
Mamiputaﬁor Jacobian
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