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Approaches to motion planning
• Bug algorithms: Bug[0-2], Tangent Bug


• Graph Search (fixed graph)


• Depth-first, Breadth-first, Dijkstra, A-star, Greedy best-first


• Sampling-based Search (build graph): 

• Probabilistic Road Maps, Rapidly-exploring Random Trees

• Optimization and local search: 


• Gradient descent, Potential fields, Simulated annealing, Wavefront
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What is the configuration of this location?
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Configuration (lat,lon): [42.237631, -83.7147289]Configuration: [42.2780436,-83.7404128]
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Configuration: [them.awake.grit]

Configuration: [racing.vanish.boil]

Alternatively…

Is this a usable

representation for


configuration?
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Configuration: [42.2780436,-83.7404128]
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Roadmaps

Roadmap over geolocations Roadmap over robot configurations
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Roadmaps
• Graph search assumed C-space 

as a fixed uniform grid


• finite set of discretized cells


• How does this scale beyond 
planar navigation?


• curse of dimensionality


• Roadmaps are a more general 
notion of graphs in C-space

http://autorob.org
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Roadmap Definition
• A roadmap RM is a union of curves s.t. 

all start and goal points in C-space 
(Qfree) can be connected by a path

qstart

q’

qgoal

q’’

• Roadmap properties:


• Accessibility: There is a path from qstart ∈Qfree to some q’∈RM


• Departability: There is a path from q’’∈RM to qgoal ∈Qfree


• Connectivity: there exists a path in RM between q’ and q’’

http://autorob.org
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Basic Roadmap Planner
1) Build the roadmap RM as graph G(V,E)


V: nodes are “valid” in C-space in Qfree


•  a configuration q is valid if it is not in collision and within joint limits


E: an edge e(q1,q2) connects two nodes if a free path connects q1 and q2


•  all configurations along edge assumed to be valid


2) Connect start and goal configurations to RM at q’ and q’’, respectively


3) Find path in RM between q’ and q’’ 

http://autorob.org
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2 Approaches to Roadmaps
Deterministic: 
complete algorithms


• Visibility Graph


• trace lines connecting 
obstacle polygon vertices


• Voronoi Planning


• trace edges equidistant 
from obstacles

Probabilistic: 

C-space sampling


• Probabilistic Roadmap (PRM) 


• sample and connect vertices in 
graph for multiple planning queries


• Rapidly-exploring Random Tree (RRT)


• sample and connect vertices in trees 
rooted at start and goal configuration

2 Approaches
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Probabilistic: 

C-space sampling


• Probabilistic Roadmap (PRM) 


• sample and connect vertices in 
graph for multiple planning queries


• Rapidly-exploring Random Tree (RRT)
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obstacle polygon vertices


• Voronoi Planning
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Voronoi Diagram
• Given N input points in a d 

dimensional space


• Find region boundaries 
such that each point on a 
boundary are equidistant to 
two or more input points


• Delaunay triangulation is a 
dual to the Voronoi diagram 

https://en.wikipedia.org/wiki/Voronoi_diagram#/media/File:Voronoi_growth_euclidean.gif
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Probabilistic road maps

• Two phases

– Roadmap construction

– Path Query

Boundary of    
valid poses

Space of valid poses
Space of invalid poses

A robot pose

C-space

[Kavraki, Svetska, Latombe, Overmars, 95]

C-space

http://autorob.org
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PRM: construction phase

C-space

1) Select N sample poses at 
random

2) Eliminate invalid poses

3) Connect neighboring poses

http://autorob.org
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PRM: construction phase

Collision detection 
will be covered later

Invalid Valid

C-space

1) Select N sample poses at 
random

2) Eliminate invalid poses

3) Connect neighboring poses

C-space

http://autorob.org
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PRM: construction phase

Invalid Valid

C-space

1) Select N sample poses at 
random

2) Eliminate invalid poses

3) Connect neighboring poses

C-space

http://autorob.org
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Va

lid

Invalid

1) Select N sample poses at 
random

2) Eliminate invalid poses

3) Connect neighboring poses

PRM: construction phase

b) Test local planner ∆ between 
chosen node and neighbors

a) Threshold nearest neighbors by 
population (K-NN) or Euclidean radius (𝜺)

http://autorob.org
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PRM: query phase

C-space

Start

Goal

1) Given constructed roadmap, 
start pose, and goal pose

2) Attach goal and start to nearest 
roadmap entry nodes

3) Search for path between 
roadmap entry nodes

4) Return path with entry and 
departure edges

http://autorob.org
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PRM: query phase

C-space

Start

Goal

Remember: graph search algorithms 

A*, Dijkstra, BFS, DFS

1) Given constructed roadmap, 
start pose, and goal pose

2) Attach goal and start to nearest 
roadmap entry nodes

3) Search for path between 
roadmap entry nodes

4) Return path with entry and 
departure edges
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Multi-query planning: Considerations
• Number of samples wrt. C-space dimensionality


• Balanced sampling over C-space


• Choice of distance (e.g., Euclidean)


• Choice of local planner (e.g., line subdivision)


• Selecting neighbors: (e.g., K-NN, kd-tree, cell hashing)

http://autorob.org
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2 Approaches to Roadmaps
Deterministic: 
complete algorithms


• Visibility Graph


• trace lines connecting 
obstacle polygon vertices


• Voronoi Planning


• trace edges equidistant 
from obstacles

Probabilistic: 

C-space sampling


• Probabilistic Roadmap (PRM) 


• sample and connect vertices in 
graph for multiple planning queries


• Rapidly-exploring Random Tree (RRT)


• sample and connect vertices in trees 
rooted at start and goal configuration

RRT

http://autorob.org
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RRT

Single Query Planning

RRT

• Given specific start and goal configurations


• Grow trees from start and goal towards each other


• Path is found once trees connect


• Focus sampling in unexplored areas of C-space and moving towards start/goal


• Common algorithms:


• ESTs (expansive space trees) 

• RRTs (rapidly exploring random trees)

http://autorob.org
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RRT Algorithm
Extend graph towards a random configuration and repeat

[Kuffner, LaValle 2000]
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RRT Algorithm
Extend graph towards a random configuration and repeat

Start

T: current tree 
from start

Extension Goal

(randomly 
selected)

qrand

[Kuffner, LaValle 2000]
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RRT Algorithm
Extend graph towards a random configuration and repeat

Start

T: current tree 
from start

Extension Goal

(randomly 
selected)

qrand

Closest node in T to 
extension goal

Extend graph towards a random configuration

[Kuffner, LaValle 2000]
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RRT Algorithm

Start

Closest node in T to 
extension goal

If valid, add 
configuration to T

qrandT: current tree 
from start

Extension Goal

(randomly 
selected)

Step length

Extend graph towards a random configuration and repeat

Extend graph towards a random configuration Generate and test new configuration along 
vector in C-space from qnear to qrand

[Kuffner, LaValle 2000]

http://autorob.org
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RRT Extend animation

http://www.kuffner.org/james/plan/algorithm.php

http://autorob.org
http://www.kuffner.org/james/plan/algorithm.php


Michigan Robotics 367/320 - autorob.org

RRT Extend animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT Extend animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT Extend animation

http://www.kuffner.org/james/plan/algorithm.php
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Let’s see what happens
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RRT Connect
0) Use 2 trees (A and B) rooted at start 

and goal configurations

[Kuffner, LaValle 2000]

http://autorob.org
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RRT Connect

1) Extend tree A towards a random 
configuration

0) Use 2 trees (A and B) rooted at start 
and goal configurations

[Kuffner, LaValle 2000]

http://autorob.org
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RRT Connect

1) Extend tree A towards a random 
configuration

2) Try to connect tree B to tree A by extending 
repeatedly from its nearest neighbor 

0) Use 2 trees (A and B) rooted at start 
and goal configurations

[Kuffner, LaValle 2000]
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RRT Connect

1) Extend tree A towards a random 
configuration

2) Try to connect tree B to tree A by extending 
repeatedly from its nearest neighbor 

0) Use 2 trees (A and B) rooted at start 
and goal configurations

search succeeds if trees connect

[Kuffner, LaValle 2000]
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RRT Connect

1) Extend tree A towards a random 
configuration

2) Try to connect tree B to tree A by extending 
repeatedly from its nearest neighbor 

0) Use 2 trees (A and B) rooted at start 
and goal configurations

3) reverse roles for trees A and B and repeat

collision encountered

[Kuffner, LaValle 2000]
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php

http://autorob.org
http://www.kuffner.org/james/plan/algorithm.php


Michigan Robotics 367/320 - autorob.org

RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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RRT-Connect animation

http://www.kuffner.org/james/plan/algorithm.php
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Let’s see what happens
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RRT Probabilistic Completeness
• Probability a vertex is 

selected for extension is 
proportional to its area in 
Voronoi diagram


• RRTs converge to a uniform 
coverage of C-space as the 
number of samples 
increases

RRT

RRT Voronoi

http://autorob.org
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Sketch of Proof: The result follows by observing
that Theorem 1 holds for multiple RRTs, in addition
to a single RRT. Furthermore, the Connect heuristic
generates all of the usual RRT vertices, plus additional
vertices. These additional vertices will contribute to
the covering of Cfree, and therefore do not adversely
affect the convergence results, in which µ(Yk) and
µ(Zk) approach zero. !

5 Experiments

This section presents some preliminary experiments
performed on a 270 MHz SGI O2 (R12000) worksta-
tion. We first performed hundreds of experiments on
over a dozen examples for planning the motions of
rigid objects in 2D, resulting in 2D and 3D configu-
ration spaces. Path smoothing was performed on the
final paths to reduce jaggedness. Some of these results
are shown in Figure 7, in which the left column shows
the RRTs, and the right column shows the correspond-
ing solutions. Averaging over 100 trials, the (wall-
clock) computation times were 0.13s, 1.52s, and 1.02s,
for these three examples. The collision checking soft-
ware used for all experiments was the RAPID library
based on OBB-Trees developed by the University of
North Carolina [8]. The performance was compared
between RRT-Connect and several other RRT-based
variants, including an adaptation of the algorithm pre-
sented in [19]. We determined that for most problems,
the Connect heuristic improves the running time, of-
ten by a factor of three or four, especially for unclut-
tered environments. In very cluttered environments,
the Connect heuristic only slightly increases running
time in comparison to using the EXTEND function to
construct two trees. Thus, it seems that the greedy
behavior is worthwhile on average. Additional experi-
ments may reveal other variants that further improve
performance. We are currently comparing some of the
variants discussed in Section 3.

A variety of more challenging experiments were per-
formed. Figure 8 depicts a computed solution for a 3D
model of a grand piano (over 4500 triangles) moving
from one room to another amidst walls and low obsta-
cles. Several tricky rotations are required of the piano
in order to solve this query. The average computation
time was 12.5 seconds (100 trials). Manipulation plan-
ning experiments have been conducted for a model of
a 6-DOF Puma industrial manipulator arm. Com-
bined with an inverse kinematics algorithm, the RRT-
Connect planner facilitates a task-level control mecha-
nism for planning manipulation motions by computing
three motions for a high-level request to move an ob-
ject: 1) move the arm to grasp an object; 2) move the
object to a target location; 3) release the object and
return the arm to its rest position. Several snapshots
of a path to move a book from the middle shelf to the
bottom shelf of a desk is shown in Figure 9. This set

RRTs Final Path

Figure 7: Several basic results.

of three queries were each solved in under 4 seconds
on average.

As mentioned previously, the Connect heuristic
works most effectively when one can expect relatively
open spaces for the majority of the planning queries.
The Connect heuristic was originally developed with
this kind of problem in mind [14]. Figure 1 shows a
human character playing chess. Each of the motions
necessary to reach, grasp, and reposition a game piece
on the virtual chessboard were generated using the
RRT-Connect planner in under 2 seconds on average.
The human arm is modeled as a 7-DOF kinematic
chain, and the entire scene contains over 8,000 trian-
gle primitives. The speed of the planner allows for the
user to interact with the character in real-time, and
engage in a game of “interactive virtual chess.” The
planner can also handle more complicated queries with
narrow passages in Cfree, such as the assembly mainte-
nance scene depicted in Figure 10. Here, the task is to
grasp the tool from within the box and place it inside
the tractor wheel housing. Solving this particular set

5

2 DOF maze

2 DOF single passway

3 DOF single passway

(with non-point geometry)

http://autorob.org
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Piano Mover’s
Problem
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Alpha Puzzle
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"empty"
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"misc"
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"narrow1"
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"narrow2"
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"three_sections"
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RRTs can take a lot of time...

Is there a 
simpler way?

http://autorob.org


Potential fields


follow your 
potential



