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Can your robot do better?

(Assignment 4 is coming...)



Forward Kinematics

Infer: pose of each joint and link in a common world workspace

Lecture 7 (v]1) How to represent homogeneous transforms?
(v)2) How to compute transform to endeffector?

Assuming as given the;:

geometry of each link
robot’s kinematic definition

- current state of all joints This lecture

e reactive control for choreography Next lecture
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Hierarchies of Transforms =

<robot name="test robot"> Xyz:5 30\ xyz:-250

<link name="1link1l" /> rpy: 0 -0 0 \rpy: 0 -0 1.57
<link name="link2" /> : : -
<link name='1ink2 " /> URDF defines kinematics of a robot G o
<link name="link4" />
<joint name="jointl" type="continuous">

<parent link="1linkl"/> : . " . : :

T Linpelimka" /o iIncludes axis for each joint ink2 ink3

<origin xyz="5 3 0" rpy="0 0 0" />

<axis xyz="-0.9 0.15 0" /> xyz: 500
</joint> rpy: 0 0 -1.57
<joint name="joint2" type="continuous"> @

<parent link="1linkl"/>

<child link="1ink3"/>

<origin xyz="-2 5 0" rpy="0 0 1.57" />

<axis xyz="-0.707 0.707 0" /> e
</joint> N

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
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Hierarchies of Transforms

<robot name="test robot">
<link name="1linkl" /> " -
inh e i limean 1 each axis is a DOF that can
<link name="1link3" />

<link name="linka" /> be moved by a motor

<joint name="jointl" type="continuous">

<parent link="1linkl"/> ink3

<child 1link="1ink2"/>

<origin xyz="5 3 0" rpy="0 0 0" />

<axis xyz="-0.9 0.15 0" /> xyz: 50 0
</joint> rpy: 00 -1.57
<joint name="joint2" type="continuous"> @

<parent link="1linkl"/>

<child 1link="1ink3"/>

<origin xyz="-2 5 0" rpy="0 0 1.57" />

<axis xyz="-0.707 0.707 0" /> .
</joint> link4

<joint name="joint3" type="continuous">
<parent link="1ink3"/>
<child 1link="1ink4"/>
<origin xyz="5 0 0" rpy="0 0 -1.57" />
<axis xyz="0.707 -0.707 0" />
</joint>
</robot>
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Brushed DC Motor

Revolute Prismatic

2D

10

3D

Motor axis in 3D could be
placed In any direction

Linear actuator
with rotational motor

Nut
. Fixed Cover

. Sliding tube

Yellow nut interlocks
with black tube to
prevent the nut'red tube
assembly from rotating
with respect to the black
tube.

O

Bottom View
(not including motor)
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Magnets attractead
Magnets repel to equilibrium

reverse current direction
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Brushed DC Motor VS Brushless DC Motor

Rotation

- ESC/Battery

3 3
. .
3 5
. .
: .
. 5 s
. . :
: 1 .
) ) )
i i i i

Brushes

Commutator

Field Magnet

Aol

Armature

https://www.youtube.com/watch?v=RsgHr2cpp4M
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How to include joint movement i matrix stack?
How ko robtate aboub an axis?

<robot name="test robot">
<link name="1linkl" />
<link name="1link2" />
<link name="1link3" />
<link name="1link4" />

<joint name="jointl" type="continuous">
<parent link="1link1l"/> rpy: 0 -0 0 \rpy: 0 -0 1.57
<child 1link="1ink2"/>
<origin xyz="5 3 0" rpy="0 0 0" />
<axis xyz="-0.9 0.15 0" />
</joint>

<joint name="joint2" type="continuous">
<parent link="1linkl"/>

link?2 J link3

<child 1link="1ink3"/>
<origin xyz="-2 5 0" rpy="0 xyz: 500
<axis xyz="-0.707 0.707 0" / rpy: 0 0-1.57
</joint>
<joint name="joint3" type="cont joint3
<parent link="1ink3"/>
<child link="1link4"/>
<origin xyz="5 0 0" rpy="0 0 _
<axis xyz="0.707 -0.707 0" /¥ I“nk4
</joint>
</robot>



http://autorob.org

Matrix Stack Reloaded




Matrix Stack Reloaded

link2 link3

xyz: 500

rpy: 0 0 -1.57 }_V

link4
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link1

link2

link3

xyz: 500
rpy: 0 0 -1.57

link4

Matrix Stack Reloaded

Push top of matrix stack up one level

Dw P HRWI S
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Matrix Stack Reloaded

| >k DWI*RWI

link1
|

Multiply by transform of base frame
wrt. world frame

link2 link3

xyz: 500
rpy: 0 0 -1.57

’ Dw P HRWI S

link4
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Matrix Stack Reloaded

Dw *Rw,

link1
|

Top of matrix stack is now base frame
posed wrt. the world frame

link2 link3

xyz: 500
rpy: 0 0 -1.57

’ Dw P HRWI S

link4
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world

link2

xy25530 xyz:-250
rpy: 0 -0 0 \rpy: 0 -0 1.57

link3

xyz: 500
rpy: 0 0 -1.57

link4

Matrix Stack Reloaded

Dw *Rw,

Geometry vertices of link1 can now be
transformed into pose in the world frame
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world

l

DWI*RWI*DIZ*RIZ

mstack=
Dw *Rw

link1

xyz:5 30\ xyz:-250

rpy: 0-0 0 \rpy: 0 -0 1.57

link2

link3

xyz: 500
rpy: 0 0-1.57

link4

Traverse first child joint (joint1) of link1.
Push top of matrix stack one level.
Multiply by transform from base to joint1 (link2).
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world

l

link2

mstack=

link3

xyz: 500
rpy: 0 0 -1.57

link4

DWI*RWI*DIZ*RIZ

Dw *Rw,

Recursively, call a function to process joint
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Assume Jointl is prismatic

Dw *Rw*D1,*R 1,
Dw*Rv,
|
_[rewo How can we account for jointls
;Q ".v mokion?
link2 link3 ﬁﬁ

xyz: 500
rpy: 0 0 -1.57

link4
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also push transform due to motor DOF

Dw *Rw *D1,*R 15 2277

Dw *Rw,

What transform can account for
Jc}m%ls ma&mm?

— : —_— -, > —
a4 K - YIN o — ... IS g7 Py - YOV, 2 o ro Saa— 4 —

5// jOlnt axis in parent frame :
link2 link3 § robot.joints[“jointl”].axis = [-0.9 0.15 0]; §

xyz: 500
rpy: 0 0 -1.57

link4
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Dw *Rw*D1,*R1,*D, |(q )

xyz:-250
5

rpy'o 100 \rpy: 0 -0 1.57 translatlon on unit ]omt axis uy scaled by ]omt state q|

— . - > _ Ces - , ,/ — S - ] - ‘
g e B oo g a—oe E = > - S g P e _ .. A

// transform of jOlnt wrt world P
/robot joints[“jointl”].xform = //this matrixe§

Asa i - Ak, BT | Ve 3 -
Ly . - 8 L~ ) A R e N N : i

link2 link3

xyz: 500
rpy: 0 0 -1.57

link4
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world motor transform affects outboard chain

mstack= Dw*Rw *D1*R 1* Dy (q))

Dw *Rw,
|

Linkowerld=mstaclk*Linkj!ink2
:(Dw | *Rw | *PI Z*R I Z*Du | (q I))*LinkzlinkZ

xyz: 500
rpy: 0 0 -1.57

[ | ° I
"

°
LA
o - ) . !
\“', .‘
._ » ! ’
N 4
X
o N
O

link4
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world

l

global

xyz§530 Xyz: -2
rpy: 0-0 0 \rpy: O -0

mstack=

50
1.57

)
LY
+ G
he
E o
I ‘
t @ @
9
'l
B
A
()

link2

link3

xyz: 500
rpy: 0 0-1.57

link4

PC)P.

Dw *Rw,

Pop off top level of matrix stack.

Recursion: pop implicit via function return

Q|
=] N ) KN
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world

link2

link3

xyz: 500
rpy: 0 0 -1.57

link4

DWI*RWI*DIB*RI3

Dw | *Rw,

Traverse second child joint (joint2) of link1.

Q|
=] N ) KN
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Jont2 is revolute

Dw*Rw*DI3*RI3 7277
Dw,*Rw,
|

How can we accounk ﬂfc:»r jo»m%z's
mobtion?

link2 link3

xyz: 500
rpy: 0 0-1.57

link4

Q|
=] N ) KN
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Jont2 is revolute

Dw >X<RWI>I<DI >I<RI *R 2(C|2)

rotatlon about unlt jomt axis uz by jomt state qz

//jOlnt motor rotatlon axis :
ﬁrobot joints[*“joint2”].axis = [0.707,0.0, O.7O7]§Y

link2 link3

xyz: 500
rpy: 0 0 -1.57

link4

T
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Dw ¥Rw*D13#R 13%R 1 (qp)
Dw | *Rw,
|

— e a g /2 — e a . /- 2 = o im G s — s = a . 2 e . <= g <, > p—
oy E v ¥ AN v 3 - o T A O A add e o > . AN TN R -l S Ccmlr Ve Y d 7 » el ol gl @ P> ~ AT, d o4 » - ml o @ > AT d

j//joint motor rotation axis
robot jOlntS[”jOlntZ"] ax1s = [O 707 O O O 707]

how ko F?e.rﬂfc;:—rm this ro-%ahom?

link2 link3

xyz: 500
rpy: 0 0 -1.57

link4

T
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Euler Angles

® Rotate about each axis in chosen order: R = Ry(©«) Ry(©y) R.(O)
1 0 0 0] | cos() 0O sin(f) O0]]|cos(#) —sin(f) O

0
0 cos(#) —sin(f) O 0 1 0 O||sin(f) cos(d) O O
0 sin(fd) cos(#) Of]|—sin(d) 0 cos(d) O 0 0 1 O
0 0 0 1 0 0 0 1 0 0 0 1

’AutoRob uses XYZ order:
iRz Ry Rx (X thenY then Z) §

® 24 different choices for rotation ordering

® R,(Ox):roll, Ry(Oy): pitch, R(O-): yaw

® Matrix rotation not commutative across different axes
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate X'y z counterclockwise
around its y' axis by [3 to give
X”y”Z”.

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/euIerangIes.himl
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around its z axis by a to give

X'y'z.

Rotate X'y z counterclockwise
around its y' axis by [3 to give
X”y”Z”.

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around its z axis by a to give

X'y'z.

Rotate X'y z counterclockwise
around its y' axis by [3 to give
X”y”Z”.

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate x'y'z' counterclockwise
around its y' axis by 3 to give
X"y"Z".

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate x'y'z' counterclockwise
around its y' axis by 3 to give
X"y"Z".

Rotate X'y 'z counterclockwise
around its z* axis by y to give the
final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate X'y z counterclockwise
around its y' axis by [3 to give
X”y”Z”.

Rotate x"'y"z" counterclockwise
around its z" axis by y to give
the final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

Rotate xyz counterclockwise
around Its z axis by a to give
XV'zZ.

Rotate X'y z counterclockwise
around its y' axis by [3 to give
X”y”Z”.

Rotate x"'y"z" counterclockwise
around its z" axis by y to give
the final ABC.

http://easyspin.org/documentation/euIerangIes.Fﬁml
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Example: ZYZ Euler angles

R = Ru(y)-Ry(B)- Rifa)
cox sax U
—sx Ccox )
{) () 1

¢y sy U ch ) —sp
= —sv v 0 ]-1 0 1 0 |-
O 0 1 s ) C3

CYC 3¢ — SYSQ CYCIsa + sycn Cys/d
= —S8YCICQ — CYS(x  —S8YC s + ¢yean SS9
scao S 980 cl

Each rotation changes the non-rotated axes

http://easyspin.org/documentation/eulerangles.html

results In a new frame for the next rotation
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Why not rotate about each axis!?


http://autorob.org

Why not rotate about each axis?

Consider gyroscope

Gyroscope Spin axis
frame
Gyroscope measures ! i ‘

angle on each axis
(wrt frame and
wheel)

Rotate about each axis in order | > =

R = R(Oy) Ry(O,) Ro(O)) <
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Gimbal Lock

Gimbal lock occurs when two axes are
rotated into alignment

Reduces 3 DOFs to 2 based on axis order.

Why is gimbal lock a problem for rotation?
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Gimbal Lock

Gimbal lock occurs when two axes are
rotated into alignment

Reduces 3 DOFs to 2 based on axis order.
Why is gimbal lock a problem for rotation?

How many linearly independent axes are
available when gimbal lock occurs!?
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Consider a few examples
(on your own)
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—

-

1
0
0

Consider rotation with this order: R = Ry (©Ox) Ry(0y) R(O-)

()
COS (4
SN O

()
— SIn ¢
COS O

~—

—d

—

-

- —

cosi3 0 s

0 1 0

—smi3 0 cos

L

0

0

0
0
1

Assume second rotation (beta) is pi/2

—
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—

Consider rotation with this order: R = Ry (©Ox) Ry(0y) R(O-)

1 0

0 coso

1

0

0
0

SIN oy

()
— SIn
COS (¥

—

.

cos (3

0

0
1

sin 7| |cosy —sIn~
0 SN~y  COS~y
0

—sin3 0 cosf3 0

—a

0
0
1

Assume second rotation (beta) is pi/2

0

COS (¥
SN (Y

0

— SN o

COS ¥

0
0
—1

0 1
1 0
0 0

COsS~y —sSIn~y
siIn~y  cos~
0 0

S

N
0
1

A
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—

-

Consider rotation with this order: R = Ry (©Ox) Ry(0y) R(O-)

1 0

0 coso
0 sino

()
— SIn v
COS (¥

cos 3

0

1

sin 3

0

—sin3 0 cosf3

.

cosy —sin~y 0
sm~y cosy 0
0 0 1

Assume second rotation (beta) is pi/2

10

0 cosa
0 sinao

Rotation now only occurs about z-axis

0

SN ¢y

—cosay smmo 0

()
— SN o
COS (Y

0 1]

coscy ()

0
0
—1

cosy —sin~y 0
siny cosvy 0
0 0 1

0 1
1 0
0 0

cosy —smn~y 0
sm~y cosvy 0
0 0 1

—

—

—

—4

0

SIN v COS Y 4 COS (v SIn 7

— COS (¥ COS7Y + SIn ¢ SIn 7y

0
Sill(a' S A.r)
—cos(a + )

0
cos(a + )
Sin(a' T A.r)

1
—sinasin~y +cosacosy 0
cosasiny +smmacosy 0

1
0
0

0

?:rg mui&piv&%g
J

a vector

beta must change from pi/2 in order for alpha and gamma to have proper effect
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Gimbal lock example y

rotakion order: X Ehen VY then Z

. . o o o z| X |
Consider: R;(907) Ry(907) Rx(90") out of plane)
Rotate your arm upward 90 degrees about initial
X-aXIs z2

Rotate 90 degrees downward about new y-axis
gimbal lock occurs: current z-axis
alighs with initial x—axis

Rotate 90 degrees about new z-axis

robakion occurs abouk tnikial x-axis

return to approximately original pose | =73

Remember: rotations axes move with rotations (zl DOF
is lost)

X3
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|_et’s try rotating about an axis



Rodrigues Axis-Angle Rotation

.
i n
o —
. Lt

Benjamin Olinde Rodrigues
1795-1851



http://autorob.org

Rodrigues Axis-Angle Rotation

d

Given two vectors a and b,

Assume a Is unit length
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Rodrigues Axis-Angle Rotation

d

b!

Given two vectors a and b,
compute b’ as rotation of b around a by 6

Assume a Is unit length
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

b parallel to a

and

b, orthogonal to a

b, such that
b=by+b,
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

0
b parallel to a
Operator to compute by?
and b, orthogonal to a
b, How to express b. with cross products?

suchthatb=by+b,


http://autorob.org

Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

v
by = a(ab) parallel to a
veckor Proj@.c%mm
and b, orthogonal to a
b, How ko express b, wikth cross F?m»c:&uc:%s?

suchthatb=by+b,
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Rodrigues Axis-Angle Rotation

d

b’ b can be broken down Into
WO vectors:

by = a(ab) parallel to a
vector erq}@.&wv\

axb and b, orthogonal to a

suchthatb=by+b,


http://autorob.org

Rodrigues Axis-Angle Rotation

. b’ bi is not affected by rotation

0 around a, only b is rotated
off r
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Rodrigues Axis-Angle Rotation

d

b!

bi is not affected by rotation
around a, only b is rotated

If we can rotate b, around a by 6
to produce b’

then rotation of b is by+b,’

What makes us think we can rotate
b, around a”
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i.()(:)kf’ Eis way

plane orthogonal to a defined by
bJ_ and axb

assume b, aligned with x-axis e+
and axb aligned with y-axis e»


http://autorob.org

plane orthogonal to a defined by
bJ_ and axb

axb

axb sin(0),

rotation of b, by 0 is then

b.’ = e cos(0) + e2 sin(6)

= b, cos(0) + axb sin(6)
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b.’=b., cos(0) + axb sin(0)

axb
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b’ =b) + b, cos(8) + axb sin(6)
b) 0

b.’=b., cos(0) + axb sin(0)

axb
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Rodrigues Rotation Formula

b!

b’

axb

b’ =

"= (1-cos(0))

b, 0 b’=b| + b, cos(0) + axb sin()

substitute oub b,

b’=b| + b, cos(0) + axb sin(6)
b’ = b + ( b ngg” (0) + axb sin(6)
b’ = (1-cos(@ )) bH b cos(e) + axb sin(0)
(a

_I_
)a + b COEb + axb sin(0)
substitute out u
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Rodrigues Rotation Matrix

R = cosfI +sinflul, + (1 — cosf)u®@ u

sheews svmmeﬁrm mabrix
of vector u

0 —u Uy,
ul, = | u. 0 —u, . . e g .
u ) EYOSSs Eorc:}du&& LS mu&npima&o%
_ll lll‘ - (4 -
/ wikhh sleew svmmeﬁmc‘ naakrix

(k X V)I kyv; — kzvy () —k. Ly v,
(k xv),| = |kvy — kv, | = | k. 0 —kz| |vy] -
(k x v). kzv, — kyv, —k, k; 0 V.
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Rodrigues Rotation Matrix

R = cosfI +sinflul, + (1 — cosf)u®@ u

sheews svmm&rw mabrix
of vector u

| | 2 .
0 —u., wu, Uy  UplUy Ul
_ . o 1y — 2 .
uly, = u. 0 —u, u@u= Uy U, Uyl

A} N
\‘\ athie -
( ‘, 2. /':"» 'y
) N
N A
5 P, . N )
(‘; "‘ 3 " S
AN
..n
R EN
. Y
A. .

UpU. UyU. — UZ

—Uy Uy 0
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Rodrigues Rotation Matrix

R = cosfI +sinful, + (1 — cosf)u®@ u

sheews sYm mebric wakrix

™\ ouber pro duct
of vector u A

2
0 —u, wu, Uy  Uglly Ul
— - — 2
uly, = u. 0 —u, u@u = |uu, U, Uy,
—u, Uy 0 UpU. UyU. — UZ
cosf + u? (1 — cosf) Uptly (1 — cosf) — u.sinf wuzu. (1 — cosf) + u,sinf
R = |uyu, (1 —cosf) +u.sinf  cost + uj (1 — cos ) Uy, (1 — costl) — u,sinf
u.uy (1 —cosf) —u,sinf wu.u, (1l —cosf)+ u,sinf  cos@ + u (1 — cosb)

resulting rotation makbrix
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S there a cleaner expression
of axis-angle rotation”



S there a cleaner expression
of axis-angle rotation”

Rotation by complex numbers



Rotation by complex numbers
Im A

® Complex number: a + bi, i = sqrt(-1) i

9= cos 9 +isin @

().I

® [a,b] is unit vector in 2D real/imaginary
space, and @ is rotation angle

® Additional 2D rotation can be performed
as a complex multiplication, with polar

coordinates: a; = cos(©®;) and b; = sin(©)

® FEuler’s Formula ¢'=cos g +isin o

® Multiplication of two complex numbers

‘ 2w = (a+ bi)(c+ di) = ere” = re!*?)
(z and w) composes rotation
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Rotation by Quaternion

(No axis order, No gimbal lock)

Quaternions can perform Rodrigues axis-angle 3D rotation

Provide a clean mathematical expression for rotation composition and interpolation

7 axis of rotation
1.<0,0,1>

sin(90°/2 )=cos(90°/2)=1/v2

-
0 =-—<00.

V2

Vv

vector part{
scalar part ——

rotation angle 9()5"-*-*“-'
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Quaternion

Quaternion plaque on Brougham (Broom) Brldge Dublln
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Sir William Rowan Hamilton
(1805-1865)

Here as he walked by on the 16th of October 1843 Sir William Rowan Hamilton in a flash of genius
discovered the fundamental formula for quaternion multiplication i2 = j2 = kZ = jjk = =] & cut it on a
stone of this bridge


http://autorob.org
http://en.wikipedia.org/wiki/Broom_Bridge
http://en.wikipedia.org/wiki/Dublin

Quaternions in 3D

e Uses three imaginary numbers (1,f,K) to provide a basis that satisfies
e 2=-1,2=-1 K =-1

e Ifj=K Jk=1ki=] Jl =-K K| =-I, IK = -J

IXf =-xI =K
* Forms a real 3D basis indicated by cross product relations  kxI = -Ixk = |
JxK = =kxJ =1

* Quaternion defined as q = a + bi + cj+ dk
* where a, b, ¢, d are scalars

* pbreaks down into real scalar and imaginary vector: q = (a, [b,c,d]) = (1, v)

Note: q is typically configuration, but will be used temporarily as a quaternion
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Quaternions in 3D

e Set of quaternions is a vector space and has three operations

. Addition (71, 1)+ (ra, Ta) = (r1 4+ 12, Uy + 03)

e Scalar multiplication | Sqr = (sa)+(sb)i+(sc)j+(sd)k

o Quaternion multiplication  (ri, vi){re, Ua) = (rire — Uy - Vo, 7103 + ra¥y + U1 X U3)

q:q-> = (a+bi+cj+dk)(e+fi+gf+hk)

= (ae-bf-cg-dh)+(af+be+ch-dg)i +(ag-bh+ce+df)j+(ah+bg-cf+de)k

* Not commutative: g9z« 0201  Why?
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Quaternion Properties

Norm: |q|2 = a2 + b2 + ¢ + 07

Conjugate quaternion: g = a - bi - ¢j - dk = (a, -[b,c,d]) = (r, -v)
Inverse quaternion: g =q/ |q|?

Unit quaternion: |q| =1

Inverse of unit quaternion: g7 = g
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Rotation by Quaternion

* Rotations are represented by unit quaternions

e guaternion is point on 4D unit sphere geometrically

e Quaternion q = (a,u) =a + bi + cj + dk = ( cos(©/2), u sin(G/2) )
= [cos(©/2), ux sin(G/2), uy sin(©/2), u, sin(G/2)]

* U = [ux, Uy, U/ 1S rotation axis, @ rotation angle

* Rotating a 3D point p by unit quaternion q is performed by conjugation of vby q
e Vv =qvq',where q'=a-uU,
e quaternion vis constructed from pointpas v=0+ p =0 + pxd + pyJ + pzK

e rotated point p’ = [V’'xV’yV’z] Is pulled from quaternion resulting from conjugation
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Checkpoint

 What is the unit quaternion for ...

- no rotaton” [

o rotation 180 degrees about the z axis” _

e rotation 90 degrees about the y axis? _
* rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...

e NO rotation” the identity quaternion (1, [0 O 0])

o rotation 180 degrees about the z axis” _

e rotation 90 degrees about the y axis? _
* rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
e NO rotation” the identity quaternion (1, [0 O 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

e rotation 90 degrees about the y axis? _
* rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
e NO rotation” the identity quaternion (1, [0 O 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

o rotation 90 degrees about the y axis? (sqgrt(0.5), [0 sart(0.5) O])

* rotation -90 degrees about the X axis’?_
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Checkpoint

 What is the unit quaternion for ...
e NO rotation” the identity quaternion (1, [0 O 0])

» rotation 180 degrees about the z axis? (0, [0 0 1])

o rotation 90 degrees about the y axis? (sqgrt(0.5), [0 sart(0.5) O])

o rotation -90 degrees about the x axis? (sqrt(0.5), [-sart(0.5) O 0O])
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Restating

e Quaternions g and -q give the same rotation
« Composition of rotations s and g2 equals g3 = q=q1

e Remember: 3D rotations do not commute
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Rodrigues and Quaternion Equivalency

CcOS — + a Si )g(cos a + @ si a)*
— 4+ asin — — 4+ asin —
2 2 2

- a .«
b (cos— — @ sin —)
2 2

— (bcos % + absin %) (COS% — a sin %)

— b cos? % — ba cos % sSin % + absin % COS ¢ _ aba sin? — -

— b cos? % (ab — ba) sin % COS % — aba sin’ C;
— b cos? % + 2(a X b) sin % COS % — (5(& -a) — 2a(a - ﬂ)) sin? %
— b ( cos? % — sin? %) + (a X ﬁ)2 sin % COS % + a(a - I;) (2 sin? %)

—beosa + (a X b)sina + a(a - b)(1 — cos a)
( ﬁ

1 —cosa)(a-b)a+bcosa+ (a x b)sina
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Quaternion to Rotation Matrix

T
* Inhomogeneous conversion to 3D rotation matrix of 97— @ @ g2 g3

1 -2(¢3+43) 2(q192 — qog3)  2(qog2 + q1G3)
2(q192 + qogz) 1 — ’Z(Q‘f + Q;‘)j} 2(q2q3 — qoq1 )
200193 — qoq2) 2(qoq1 + q2q3) 1 — Q(ZQ% T q%}
or equivalently, homogeneous conversion
q.'§ —l— q"f — qg —_q§ ‘2((1192 — q«)qg) 2((10(12 —+ (11(13;’
200192+ qog3) G — G+ @9 2(q205 — Qo)
2(q193 — qog2)  2(qoqr + q293) G5 — 4% — 45 + 43

* Rotation matrix to quaternion can also be performed
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1) form unit quaternion from axis and motor angle

q = [cos(©O/2), ux sin(O/2), uy sin(OI2), u sin(O/2)]

2) convert guaternion to rotation makrix

: : : T
* Inhomogeneous conversion to 3D rotation matrix of = [q0 ¢1 g2 g3

I - 2(q3 + q§\) 2(9192 — qog3)  2(q092 + q143)
2(q192 + qog3) 1 —2(¢i + q3) 2(q203 — qod1)
2(g193 — 9oq2)  2(qog1 + g2q3) 1 —2(q7 + ¢3)

or equivalently, homogeneous conversion

g + ¢ — q3 —‘q?g 92((116{)2 - q)nq;z) ‘) 2(;(10(12 + Q1q3)
2(:Q1f12 5B (10(13) dn - 47 + 45 —\Qé' ‘)2(92(.1)3 — Q;JQ1) i
2(q193 — qoq-) 2(qoq1 + 92q93) g5 — 91 — @5 + G5

* Rotation matrix to quaternion can also be performed
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Dw ¥Rw*D13#R 13%R 1 (qp)
Dw | *Rw,
|

— e a g /2 — e a . /- 2 = o im G s — s = a . 2 e . <= g <, > p—
s E v ¥ AN v 3 pEl-* o B A O A add e o > . AN -TN R -l S Ccmlr Ve Y d 7 » el ol gl @ P> ~ AT, d o4 » - ml o @ > AT d

j//joint motor rotation axis
robot jOlntS[”jOlntZ"] ax1s = {O 707 O O O 707}

L

1) {orm wnik qu&%eﬂxmh mfrc;a»m axis and mo&ar av\gte

ink2 013 2) convert qu&%ernmm o rokabion mwakrix

xyz: 500
rpy: 0 0 -1.57

link4

B o I
[ N

=111\
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xyz: 500
rpy: 0 0 -1.57

link4

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw | *Rw,

2
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mstack=

link4

Dw*Rw *D13*R 13*R 12(q2) *D34*R34¥R 13(q3)

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw | *Rw,

2
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link2

link3

xyz: 500
rpy: 0 0 -1.57

Dw*Rw *D13*R 13*R 12(q2) *D34*R34¥R 13(q3)

DWI*RWI*D I 3*RI 3*Ru2(q2)

Dw | *Rw,

=111l

)
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Forward Kinematics

Infer: pose of each joint and link in a common world workspace

Lecture 7 (v]1) How to represent homogeneous transforms?
(v)2) How to compute transform to endeffector?

Assuming as given the;:

geometry of each link
robot’s kinematic definition

current state of all joints This lecture

e reactive control for choreography Lecture 9
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Forward Kinematics

Infer: pose of each joint and link in a common world workspace

Lecture 7 (v]1) How to represent homogeneous transforms?
(v)2) How to compute transform to endeffector?

Assuming as given the;:

geometry of each link
robot’s Kinematic definition
Current state of all joints This lecture

e reactive control for choreography Lecture 9


http://autorob.org

Can a joint move infinitely tar?

HEAD PAN JOINT TORSO LIFT JOINT

HEAD TILT JOINT
SHOULDER PAN JOINT
SHOULDER LIFT JOINT
UPPERARM ROLL JOINT
ELBOW FLEX JOINT

FOREARM ROLL JOINT

WRIST FLEX JOINT

WRIST ROLL JOINT
GRIPPER JOINT

BASE
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Joint Limits

Prismatic joint description

<joint name="torso_Llift_joint" type="prismatic"> HEAD TILT JOINT
<0rigin rpy="—6.123E—17 0 0" xyz="—0.086875 9 0.37743" /> SHOULDER PAN JOINT
<parent link="base_link" /> SHOULDER LIFT JOINT
<child link="torso_ lift_ 1link" /> UPPERARM ROLL JOINT

: " " ELBOW FLEX JOINT

<axis xyz="0 0 1" />
<limit effort="450.0" lower="0" upper="0.4" velocity="0.1" /> . _

<dynamics damping="100.0" /></joint> WRIST ROLL JOINT

GRIPPER JOINT

HEAD PAN JOINT TORSO LIFT JOINT

FOREARM ROLL JOINT

Revolute joint description

<joint name="shoulder_pan_joint" type="revolute">
<origin rpy="0 0 0" xyz="0.119525 0 0.34858" />
<parent link="torso_Llift_Llink" />
<child link="shoulder_pan_Llink" />
<axis xyz="0 @0 1" />
<dynamics damping="1.0" />
<limit effort="33.82" lower="-1.6056" upper="1.6056" velocity="1.256" />
</joint>

BASE

Continuous joints have no limits


http://autorob.org

Joint Limits

Prismatic joint description

<joint name="torso_Llift_joint" type="prismatic">

HEAD PAN JOINT TORSO LIFT JOINT

HEAD TILT JOINT
<origin rpy="-6.123E-17 0 0" xyz="-0.086875 @ 0.37743" /> SHOULDER PAN JOINT
<parent link="base_link" /> SHOULDER LIFT JOINT

<child link="torso_lift_Llink" /> UPPERARM ROLL JOINT
" " " ELBOW FLEX JOINT

SAXIS XYZ="0 0 1 > e ———————————————————————

{<limit effort="450.0" lower="0" upper="0.4" velocity="0.1" />§ . _

<dynamics damping="100.0" /></joint> WRIST ROLL JOINT

GRIPPER JOINT

FOREARM ROLL JOINT

Revolute joint description

<joint name="shoulder_pan_joint" type="revolute'>
<origin rpy="@ @ 0" xyz="0.119525 0 0.34858" />
<parent link="torso_1lift_1link" />
<child link="shoulder_pan_link" />
<axis xyz="0 @0 1" />

<dynamics damping="1.0" />
kKlimit effort="33.82" lower="-1.6056"
</joint> | | |

BASE

Upper="1.6056"
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! robot
robot
{ robot
t robot

.joints.torso_lift_joint.axis
.joints.torso_lift_joint.type
.joints.torso_lift_joint.origin

.joints.torso_lift_joint = {parent:"base_link", child:"torso_1lift_1link"}; f
- [010)1]; :
= "prismatic"; |

{xyz: [-0.086875,0,0.37743], rpy:[—6.123E—17,0,0]};;

, , o . . f;robot.joints.torso_lift_joint.limit = {lower:0, upper:0.4};
Prismatic joint description - B TS .
HEAD PAN JOINT TORSO LIFT JOINT

<joint name="torso_Llift_joint" type="prismatic">

<origin rpy="-6.123E-17 @ 0" xyz="-0.086875 0 0.37743" />

<parent link="base_1link" />
<child link="torso_lift_link" />
Saxis xyz='0 @ 1° />

<dynamics damping="'100.0:"l /></joint>

Revolute joint description

<joint name="shoulder_pan_joint" type="revolute">
<origin rpy="@ @ 0" xyz="0.119525 0 0.34858" />
<parent link="torso_lift_link" />
<child link="shoulder_pan_link" />
<axis xyz="0 0 1" />

<dynamics damping="1.0" />

Klimit effort="33.82" lower="-1.6056"

</joint>

: robot

i robot
¥ robot

g

f robot

¢ robot

upper="1,6056" velocity

[<Uinit effort="450.0" lower="0" upper="0.4" velocity="0.1" />

.joints.
.joints.
.joints.
.joints.

.joints.

"1,256" /> §

HEAD TILT JOINT
SHOULDER PAN JOINT
SHOULDER LIFT JOINT
UPPERARM ROLL JOINT

ELBOW FLEX JOINT
FOREARM ROLL JOINT o=
« Ny °
. WRIST FLEX JOINT /'// Y
WRIST ROLL JOINT v’/] / o
N > 4 ( |
GRIPPER JOINT ‘ A ( ‘

N SN = = — : =l / sz SAcamsacy '.‘ ey = Z=

shoulder_pan_joint = {parent:"torso_lift_link", child:"shoulder_pan_link"};}
shoulder_pan_joint.axis 1
shoulder_pan_joint.type
shoulder_pan_joint.origin = {xyz:

[0,0,1];

[0.119525,0,0.34858], rpy:[0,0,0]};

P

7

"revolute"; 3
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Important notes
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Important notes

Rotation order | use: XYZ (R:RyRx)
vector_cross(): code stencil tests for and uses this function
Base controls: must be implemented for interactive control

The “.origin” field of links and |oints are used to store transforms
without consideration of joint motion (provided only for debugging)

A joint and its child link will share the same coordinate frame
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Kinkval joint cylinder rendering

® threejs creates cylinders with axes alighed along y-axis

® you need to implement vector cross() for KinEval to render joint
cylinders properly along joint axis

aligned

ot alighed
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Global controls for base

® Assume we have a base that is holonomic wrt. ground plane
® holonomic: can move in any direction

® kineval userinput.js assumes:

®, W | E R

move left  forward move right

How to perform this

base movemenk? A , S D
turin Left backe buri right
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Transtorm vectors for Kineval
heading (local z-axis) just_starting @
and lateral (local x-axis)
of robot base into world
coordinates

* User Parameters

* Robot

* Forward Kinematics
* Inverse Kinematics

* Motion Planning

Store transformed - Display
VeCtOrS Iﬂ Val’lab‘eS * Geometries and Axes
‘robot_heading” and display_links @

“robot |lateral” display_links_... @8
display_base_... ¥

ey A - display_joints
Forward heading. T o
4 display_joints_...
O‘f &lﬁ@. T"Ob@& display_joints_... ¥
A display_joints_...
L&&Qrﬁt k@&dfahg display_wirefr... @
Oﬁf &he rob@& display_collisi... @

* Colors

Close Controls
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How do we define the
kKinematics of a robot?

(revisited)
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How do we define the
kKinematics of a robot?

(revisited)

Alternatives tor FK
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Alternatives tor FK

» Denavit-Hartenberg Convention  ROB 550
» Product of Exponentials with Matrix Stack  AutoRob

e Screw vectors as Dual Quaternions

[Kenwright 2012, Daniilidis 1999]
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Denavit-Hartenberg Transtorm

e Airepresents the transform between a link / and its parent /-7

e z-axis of parent link /-7 aligned with DoF axis of joint /
o 4 parameters for joint angle (0)), link offset (d)), link length(a), link twist (o))

* Only one parameter will be variable, depending on joint type
 Each parameter applies a rotation or a translation

e Composed into one homogeneous transformation by matrix multiplication


http://autorob.org

DH example for
iIndividual exploration:
3 Dol robot arm

Convert these parameters
Lnk | 6 | d | a | &
1 o, d, 0 90°
2 &, 0 a, 0

3 o, 0 as 0

iINto coordinate frames for each
rigid body of the robot
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DH Properties

— .

A; = Rot,p Trans, 4., Trans; o, Rots q,

e DH1: The z-axis of a link

<1\ . AY1
and x-axis of its child link [— \/>

are perpendicular A g O1
« DH2: The z-axis of a link aj

and x-axis of its child link g/ Tg A0

Intersect yy/



http://autorob.org

DH Properties

A; = Rotz,gz. Transz,dz. Iransg o, oty o, » :
A
DH1 D
» DH1: The z-axis of a link N zl\f//yl
and x-axis of its child fink ... F.\ ........................... /L
. O
are perpendicular ke 1
e DH2: The z-axis of a link aj
and x-axis of its child link g/ Tg A0
Intersect yv/
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Denavit-Hartenberg coordinate frame assignment Joiti+t

4N i

frames may occur outside the , Joint

links and joints l |
Joint i-1 R
' %
di

Coordinate frames for each body align the z-axis with axis of joint
rotation and the x-axis with the direction of the link
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D-H versus Matrix stack

4 parameters to transform 10 parameters to transform
between links between links

4 matrices to compose per joint 3 matrices to compose per joint
Uniformity in frame selection o Fexibility in frame selection
Only link frames are necessary e Child link shares frame with

for computations parent joint

L ess intuitive * More bookkeeping
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Approaches to FK

e Denavit-Hartenberg Convention ROB §50
 Product of Exponentials with Matrix Stack ~ AutoRob

- Screw vectors as Dual Quaternions
[Kenwright 2012, Daniilidis 1999
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Dual Quaternion

e Dual number: zZ=a-+e¢€b with €’ =0
» Dual quaternion: q =q +€q
» comprised of a real quaternion ¢ and dual quaternion ¢q’

* Operations include addition, scalar multiplication, and multiplication:
qd1+ 4, = (51+52,41+q5),
A, q) = (AS, Aq),

v v v TV v v X M
qg19, = (5152 — 4192, 514, + 5241 +q1 X q3)
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Screw motion

o Every rigid motion can be modeled as a rotation with angle 6 about
axis ¢ with direction Iand subsequent translation d along the axis

 Dual quaternion can represent

screw motion ’ !
. COS g —% sin g .
q = g7 | T€ o =
SIn 5 l sin 5 m ! > cos y 7
* Rigid transformation of a hne P ’.
by a dual guaternion ;i' ’

la = qlpq ’ Daniilidis 1999
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Next lecture:
Finite State
Machines

M

Michigan Robotics 367/320 - autorob.org
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Next class:
~inite State
Machines

fast reactive

decision making
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