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There is a popular story that Newton was sitting under an apple tree, an apple fell on his head, and he
suddenly thought of the Universal Law of Gravitation. As in all such legends, this is almost certainly not
true in its details, but the story contains elements of what actually happened.

What Really Happened with the Apple?

Probably the more correct version of the story is that Newton, upon observing an apple fall from a tree,
began to think along the following lines: The apple is accelerated, since its velocity changes from zero as it is
hanging on the tree and moves toward the ground. Thus, by Newton's 2nd Law there must be a force that
acts on the apple to cause this acceleration. Let's call this force "gravity'", and the associated acceleration
the "accleration due to gravity". Then imagine the apple tree is twice as high. Again, we expect the apple to
be accelerated toward the ground, so this suggests that this force that we call gravity reaches to the top of
the tallest apple tree.

http://csep | 0.phys.utk.edu/astr 16 | /lect/history/newtongrav.html
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Dynamical Simulation

Rigid Body Equations of Motion enable
simulation of robots on computers

F — |lssac Newton
(1643-1727)
- KUKA Lightweight Arm
N V-REP simulator M=r., Xa,ym+ Il Leonhard Euler

(1707-1783)
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Dynamical Simulation

F = ma., M=r., Xa.,,m + Il

Robot Applications

Robot Operating System

Operating System
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Robot Applications

Robot Operating System

Operating System Dynamical Simulation
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Robot Operating System
Covered at breadth in AutoRob

Lecture 2 Next Lecture

Localization and Mapping Path Planning Feedback Control

This Lecture

Robot Vision Motion Planning ¥ Dynamical Simulation

Decision Making
Systems

Collision Detection Forward Kinematics

Multi-robot Coordination Task planning Inverse Kinematics

Robot Middleware Architecture (via Interprocess Communication)
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Classical mechanics

From Wikipedia, the free encyclopedia

In physics, classical mechanics and quantum mechanics are the two major sub-fields of mechanics. Classical mechanics is concerned
with the set of physical laws describing the motion of bodies under the action of a system of forces. The study of the motion of bodies is
an ancient one, making classical mechanics one of the oldest and largest subjects in science, engineering and technology. It is also

widely known as Newtonian mechanics.
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physical laws describing the motion of bodies under the action of a system of forces.

Classical mechanics

From Wikipedia, the free encyclopedia

In physics, classical mechanics and quntum mechalcs are thetwo major sublelds of mechanics. Classical mechanics is concerned
with the set ofphysncal Ias desnblng the motlon f odes nde the actlo f a system of forces jThe study of the motion of bodies is
an ancient one, making classical mechanics one of the oIdest and Iargest subjects In science, engineering and technology. It is also

widely known as Newtonian mechanics.
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Classical mechanics

physical laws describing thg motlon of bodues nder the; ctlon of a system of force

\\\\\

Kinematics Dynamics

Kineeemateics | kino matiks | dyenameics | di namiks |
plural noun [ usu. treated as sing. ] plural noun
the branch of mechanics concerned with the 1 [ treated as sing. ] the branch of mechanics

_concerned with thef motion of bodies under}
Lthe action of forces. Compare with sTATICS.
e [ usu. with rnodifier | the branch of any
science in which forces or changes are
considered: chemical dynamics.

WO

“motion of objects{without reference to the]
‘forcesthat causethe motlonC Ompare with

Eyz3=

sl
o



http://autorob.org

Classical mechanics

Y —2

physical laws describing tig_motion of bodies Under theZaction of a system of forces>

o
{

11111

Kinematics

“the geometry of motion”

expresses range of possible motion
(or states of the robot)

Dynamics
“physical motion over time”
expresses motion over time with

respect to Newton’s laws
(evolution of state over time)
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Dynamo - Wrotek, McGuire, Jenkins 2006 - https://voutu.be/5SnuhY6ekJdv4

Kinematic
Motion Capture g

Dynamically Simulated
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| et’s start with a simple
example
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Example: Motorized Pendulum
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Example: Motorized Pendulum

¢ . Pendulum of length [ with
| point mass m
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Example: Motorized Pendulum

¥ Angle expresses pendulum
' range of motion

Pendulum of length | with
point mass m
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Example: Motorized Pendulum

--= Motor produces torque
(angular force)

Angle expresses pendulum
range of motion

Pendulum of length | with
point mass m
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Example: Mctorlzed Pendulum

Equation of motion

(with rotational inertia /) Motor produces torque

16 = —mglsin () + T (angular force)

Angle expresses pendulum
range of motion

Pendulum of length [ with
point mass m
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Dynamics

Equation of motion
(with rotational inertia /)

16 = —mglsin(0)+1

Controls

Motor produces torque
(angular force)

State (or Configuration)
Angle expresses pendulum

range of motion

System

Pendulum of length | with
point mass m
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Defining State

State comprised of
degrees-of-freedom (DOFs)

DOFs describe translational ( l
and rotational axes for the . .\
motion about robot joints S

How many DOFs in the Pitch

example pendulum?

Airplane DOFs!?
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Defining State

® State comprised of
degrees-of-freedom (DOFs)

® DOFs describe translational
and rotational axes for the
mOtiOn abOUt rObOt jOintS Sllnuldvr—;?-rl}__ HL‘_“”M‘*’F‘E'”

Y { ®XZ
-

Elbow-1D _

Y, I -
® Humanoid DOFs!? Waist-3p—"
' 5 ! lip-1 lnf Waist-3D
‘ jOint angles I:m:r:—lﬂ— “Tf
oy Y .

_Ankle-1D —__

"--....zi 1.

® global positioning il )
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DOFs and Coordinate Spaces

® Each body has its own coordinate system
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DOFs and Coordinate Spaces

® FEach bodx has its own coordlnate system

Y link ¥ frame
® |oints connect two links (rigid bodies)
® Hinge (| rotational DOF)

Body1  Anchor Body 2
Hinge joint
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DOFs and Coordinate Spaces

® FEach bodx has its own coordlnate system

Y link ¥ frame
® |oints connect two links (rigid bodies)

® Hinge (| rotational DOF)

® Prismatic (| translational DOF)

® Ball-socket (3 DOFs)

Hinge Prismatic

AXxis

Bodyétﬁ"
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DOFs and Coordinate Spaces

® FEach bodx has its own coordlnate system

Y link frame
® |oints connect two links (rigid bodies)
® Hinge (| rotational DOF)

. . . Hinge
® Prismatic (| translational DOF) J
® Ball-socket (3 DOFs) Sy e Beage
® A motor exerts force along a DOF axis . .
Prismatic

Body2 h

Anchor

Body 1
Body 2
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DOFs and Coordinate Spaces

® FEach bodx has its own coordlnate system

link frame
® Joints connect two links (rigid bodies)

® Hinge (| rotational DOF)

. . . Hinge
® Prismatic (| translational DOF) Bt g
® Ball-socket (3 DOFs) Body1  Anchor  Body 2
® A motor exerts force along a DOF axis i . .
Prismatic

® [inear transformations used to relate
coordinate frames of robot links and joints Anchor

® Spatial geometry attached to each link, but W Ball

Body 1

does not affect the body’s coordinate frame Body 2

Body 2
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DLR Lightweight

Robotic machines are comprised of arm

N joints and N+/ links

Joints and links form a tree hierarchy of
articulated motion as an “open chain”

The “base” is the root link of this hierarchy )

A link has one parent (inboard) joint and
potentially zero, one, or multiple child

(outboard) joints Dynamixel robot

. kit
A “serial chain’ is a robot -

where every link has only M .G
one child joint ~
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Consider some examples of
ronofts...
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Planar Arm

www.nowhereelse.fr/
alkon-project-robot-
artiste-dessin-
portraits-29397/

AIKON-II Project - https://youtu.be
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Planar 2-DOF 2-link Arm

Camera
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Planar 2-DOF 2-link Arm

’

|]
LI
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Planar 2-DOF 2-link Arm

L1
LINK O DOFs: 6,
“‘Base frame
- T

Y2
?10 Llnk 2
, “Tool frame”
yl . .
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SCARA Arm

Selective Compliance Assembly Robot Arm

zl z2 o\ > E bl a

A
1 e,

Tech Museulof Innovation
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I: e.l: C h r O b Ot HBM;E&:ZTKMQM TORSO LIFT UBINT

SERUUDBRPRANQINK RN -
SSAUUDBRR IFF TQINK NN
UBPPRRRRNRADLLQINK N
EERBOMFFEXXQINK
FORRERRNRADLUQINK
WRISS FEEEYQINK

WRRISRAGDILUQINK 2
GRIRIPPERQINK

© BASE LINK

\>
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Fetch [INKS

HEAD PAN LINK

HEAD TILT LINK
SHOULDER PAN LINK
SHOULDER LIFT LINK
UPPERARM ROLL LINK
ELBOW FLEX LINK
FOREARM ROLL LINK
WRIST FLEX LINK

WRIST ROLL LINK
GRIPPER LINK

—etch joints

HEAD PAN JOINT
TORSO LIFT LINK HEAD TILT JOINT

SHOULDER PAN JOINT
SHOULDER LIFT JOINT
UPPERARM ROLL JOINT

ELBOW FLEX JOINT

FOREARM ROLL JOINT
WRIST FLEX JOINT
WRIST ROLL JOINT
GRIPPER JOINT

BASE LINK

TORSO LIFT JOINT

BASE
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HEAD PAN JOINT —~___ — TORSO LIFT JOINT
HEAD TILT JOINT —~_ g
SHOULDER PAN JOINT TN
SHOULDER LIFT JOINT /. h

UPPERARM ROLL JOINT —

ELBOW FLEX JOINT —
FOREARM ROLL JOINT — ..
WRIST FLEX JOINT —

\\
WRIST ROLL JOINT —
\

\
GRIPPER JOINTj \
\ \
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R ARM UWY \,

Atlas robot

R ARM ELY \ R ARM ELX
F 7

NECK AY \

ARM USX

R ARM SHY

\, BACK BEX
BACK BRY
7 BACK BRZ /’\.
‘
L LEG HPZ L LEG HPX \. / .
7

L LEG HPY

L LEG KNY x

L LEG AKX, L LEG AKY ®

VVPI
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Physical Simulation

-~
-
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Why simulate robots”
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Why simulate robots”

- Real robots are expensive

* |mproper controllers can physically break robots

* |nexpensive to experiment and test robot controllers in simulation

- Predictive model of dynamics

 Necessary for some types of control (e.g., optimal control)

Lf
T = ®[x(to), to,x(ty), ] 4| [ £[x(),u(t),t] dt
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Why simulate robots”

- Robot simulation packages are readily available

Coppelia
from the creators of V-REP

Webots

robot simulation

reate. Compose. Simulate.
Any Robot.

GAZEBO

- Built on physics engines that numerically integrate over dynamics

SD/FAST vortex

studio
(the OG) | AL AAA R AAANS

OpPeEN DyYNAMICS ENGINE®

newton

al
u
_

PHYSICS LIBRARY
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-Or example,
NASA Valkyrie...
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[

Valkyrie for real - https://youtu.be/SEeSu?2ekE8c
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NASA Valkyrie...
development In simulation
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Valkyrie in Gazebo simulation - https:
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Our first robot:

Penaularm!
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PrOJect 2: 1 DOF Pendularm

N

C' | ] file:///Users/logan/git_tmp/kineval/pendularm/pendularm1.htmi DINY

System
t = 162.00 dt = 0.05
integrator = velocity verlet

Mmodadel, simulate, and control

X _desired = -1.26

Servo: active

e 1 Dol robot arm

kd = 15.00
ki = 150.10
Pendulum

mass = 2.00
length = 2.00
gravity = 9.81

Keys

[0-4] - select integrator
a/d - apply user force

g/e - adjust desired angle
c - toggle servo

s - disable servo
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oynamics  EXample: Pendulum

Equation of motion
(with rotational inertia /)

Controls

Motor produces torque
16 = —mglsin(0) + 1 (angular force)

State (or Configuration)
Angle expresses pendulum

range of motion

System

Pendulum of length | with
point mass m
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oynamics  EXample: Pendulum

Equation of motion Controls

(with rotational inertia /) h ' Motor produces torque
10 = —mglsin (0) + 7 u (angular force)

. State (or Configuration)
72 Angle expresses pendulum

— range of motion

System

Pendulum of length | with
point mass m
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Example: Pendulum

Equation of motion

(with rotational inertia /)

16 = —mglsin(6) +7
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Actuator
(electric)
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Actuator
(electric)
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* actuators to produce motion
Actuator
(electric)

® proprioception to sense pose
e controller to regulate current to motor
<+

Proprioception
(optical encoder)

Servo

S\

o
eqeing

Controller Prea
(4 channel H-Bridge) "W &%



http://autorob.org

Consider servos on
wheels of an inverted pendulum

ROB 550 Fall 2016 - https://youtu.be/9QUSexcsSZk
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Design, build, and control inverted

e W

i 5
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What Is an equation of motion”
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Example: Pendulum

Equation of motion ;
T (1

(with rotational inertia /)
netforce 1 /6@

—
—
—
t i N s - - a < i NG o i a < =
A MUN o nde 3t . P TN V3 R TR O ORI P
, o N KRR, -
r.. Lo PR /é.\',, NN S -
SIS, g, 2 e s Sy
(y - p. "\ " C o
’ - VP a0 SO

Inertia
acceleration
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Example: Pendulum

Equation of motion
(with rotational inertia /)

I é_—mgl sin(6)+ 7 1 ”

angular aReetessiten
(second time derivative)
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Example Pendulum

Equation of motion
(with rotational inertia /)

I=—mglsin(9)+T 4

angular acceleration
(second time derivative)

f d9 as El«@.ro&@. wf a‘:‘hav\ga Qaf E!«@.
- O — ,,
velcam%v cwf Eh@, Pev\ciutum aMgLe
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Example Pendulum

Equation of motion
(with rotational inertia /)

I=—mglsin(9)+1‘ 4

angular acceleration I /0
(second time derlvatlve) i

d_9 as H«e ro&e onf thavxge c:wf %he

dt vetoa&j oﬂf H«e P@-Mclulum M’\Siﬁ |

- d29 as %ke ro&@. wf th&%ge c;% %l«é ‘m%é i
| o 2 of tka\wae c:wf Ek@. Femdwlt&m QV\gL@. '
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16 = —mglsin (0)+ 1

How was the
eqguation of motion derived?

0 i
dt? dt
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16 = —mglsin (0)+ 1

We are going to need some matn

0 i
dt? dt
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Derivative

From Wikipedia, the free encyclopedia

The derivative of a function of a real variable measures the sensitivity to change of a quantity (a
function or dependent variable) which is determined by another quantity (the independent variable).

do

at

s the rate of change of the pendulum angle @
with respect to the variable for time ¢

0 = f(¢)
assume that the pendulum angle
'S a function over time
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Derivative

From Wikipedia, the free encyclopedia

The derivative of a function of a real variable measures the sensitivity to change of a quantity (a
function or dependent variable) which is determined by another quantity (the independent variable).

df s the rate of change of some function f (a)

d with respect to some variable @
d
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Derivative

From Wikipedia, the free encyclopedia

The derivative of a function of a real variable measures the sensitivity to change of a quantity (a
function or dependent variable) which is determined by another quantity (the independent variable).

f (a)

Consider a function f (a) over variable 4
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Derivative

Consider a function f (a) over variable Q

Evaluate f (CL) at a
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Derivative

Consider a function f (a) over variable Q

Evaluate f (CL) at @ and a nearby point @ + h
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Derivative

Consider a function f (a) over variable @

Evaluate f (a) at @ and a nearby point @ + h

Slope of line between these points approximates
the rate of change of the function

Af(a) _fla+h)—f(a)

Aa h
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Derivative

Consider a function f (a) over variable @

Evaluate f (CL) at @ and a nearby point @ + h

Slope of line between these points approximates
the rate of change of the function

Af(a) _fla+h)—f(a)

Aa h

Derivative is this slope as @ h gets as close

as possible to @
/ R E f (a T h) o f (a)
fla) = lim 2
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Derivative

Newton’s Notation
(assuming a is time)

Leibniz's Notation

(assuming function y = 1(x)) :

Gottfried Wilhelm  Joseph-Louis
Leilbniz Lagrange

Lagrange’s
(1646-17106) (1736-1813)

Notation

|

dy f’(a):limf(a+h)_f(a)

R P h
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$\dot{y} = \frac{dy}{dx} = f'Ca)=\1im_{h\to @}\frac{f(a+h)-f(a)}{h}$

will produce this expression In LaleX math mode

Michigan Robotics 367/320 - autorob.org
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First derivative Y or or f /

Af(a) _fla+h)—f(a)

Aa h
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First derivative Y or or f /

Af(a) fla+h)— f(a)

Aa h

d2
Second derivative y or - Z or f//
L

a+h)—f(a a)—f(a—h
A2f(q) L@th=I@ _ f@-f@h)

Aa? h
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Differentiation: the process of finding a derivative

For functions expressed in closed form, there are rules for differentiation such as:

Power rule Product rule Chain rule
d 1 d dv du

T e "_(" Uu-v)=1u- ) —
: dx

= .
da dr’ dx

[flg(x))] = fg(x))g(x)

n =+ 0.
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Differentiation: the process of finding a derivative

Integration is the inverse operation of differentiation;
finding the area under the function
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Differential equations addresses differentiation
for functions of multiple variables

Consider 2 = f(CB, Y, t)
and T = CB(t) , Y = y(t)

https://math.stackexchange.com/questions/607942/what-is-the-best-way-to-think-about-partial-derivatives

Partial derivative of £ Total derivative of 2

with respect to T is with respect to T is
of df _ofdt 9fdx 9fdy
ot dt otdt  oOxdt = Oy dt

T andy treated as constants via the chain rule


http://autorob.org

Don't forget trig

ausodd(

Adjacent
b
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Trigonometry

From Wikipedia, the free encyclopedia

Trigonometry (from Greek trigonon, "triangle" and metron, "measure"l!)) is a branch of mathematics that studies relationships

involving lengths and angles of triangles. The field emerged during the 3rd century BC from applications of geometry to

astronomical studies.?]

Math.sin(A)
. opposite a
sin A = = —.
hyvpotenuse ¢
Math.cos(A)
| adjacent b
cos A = = —
hyvpotenuse ¢
Math.tan(A)

opposite a  sh

s

tan A = — = — =
adjacent b ¢

A

B
@
.,
s,
S
2| a
Q)

Adjacent
C
b

atan2(y, r) =

Math.atan2(a,b)

arctan <

arctan £ 4 7
arctan £ —
_|_

Sl b= BT

unﬂdeﬁned
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Coming back ...

16 = —mglsin (0)+ 1
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How was the
eqguation of motion derived?

16 = —mglsin (0)+ 1
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Example: Pendulum

Equation of motion
(with rotational inertia /)

16 = —mglsin(0)+1 4

How was this derived?
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Lagrangian Dynamlcs

Equation of motion

La rangian is kmetlc ener
(with rotational inertia /) Sralls 57 |

T » g minus potential energy
and used to generate
equation of motion as

\ ! |
, .
/ ‘ ° I . A
| . . \"
i l l R

16 = —mglsin(0) + 1
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Lagrangian Dynamlcs

Equation of motion

La rangian is kmetlc ener
(with rotational inertia /) Sralls 57 |

T » g minus potential energy
and used to generate
equation of motion as

| d oL OJL |
dtd6, 296, ' |

16 = —mglsin(0) + 1

,' 0L Ls %ké r&%a cyf ﬂhw\ge c:wf %ke L&gramamm Mp&h
, - 00; rese@% Eo» omi Hw; :.ﬁ‘* d@grea 0{ ﬂfre@ciom |
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N ? O3 TR B D TIPSR Ne 7 OF = et o o e o e D mes e PRy IOV oo o «—- 3 W PIOR Y DWT- «—

Lagrangian Dynamics for Pendulum

- Kinetic Energy T — 1 10*

Equation of motion (1/2)777/02

(with rotational inertia /)

16 = —mglsin(0) + 1 ' * Potential Energy U =mgl(1—cosB)
| magh

|

1

{e Lagrangian >

 L=T-U

16°— mgl(1— cos6)

Equation of motion 16 = —mglsin(8)+1
' doL _dL __
dt90, 00,

6, sl = g e - Y, 2 P . ‘R P L po R e~ - o g > P PR ’ Y
sl 4T A > . 1= AN . o By _ps s . - SNy . g VY _B s
it ¢ = =7 - Q- o - T
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. 1 .
| L= 5192— mgl(1—cos6)

* Equation of motion
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* Equation of motion

* Partial derivative of Lagrangian
wrt. pendulum angle

daL AL
dt 06, 06,

T.

! 1,
: L= 5192— mgl(1—cos )

16°— mgl(1—cos6)
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d oL oL 1
i mot;i ———=1, | L=216"- —
* Equation of motion 30 99 © | 72 mgl(1—cos6)

0

e Partial derivative of Lagrangian oL N~ mgl(1-cos)

wrt. pendulum angle d,

2 cownstank wrk, 0

1 102 ~irst Ferm s

differentiates to zero
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d oL JdL L1
e Equation of motion 520 90 | L= 5192— mgl(1—cos6)

* Partial derivative of Lagrangian JL 9 N mel(l— cos6)
wrt. pendulum angle a6, 06, 2 ™\
Second term: —mgl(l1—cosB)
distribute

1 102 ~irst Ferm s

2 cownstant wrt. 0

mu&&piwa&ow —mgl + mglcos(0)

cosine identity for d

— cos(x) = — sin(x)

diﬁ’f “f QT@.ME E&%QS &0’ 2eTO db’f‘f@\’@.%& E«&& LOWN® dx

3&@.Lds: —mglsin(6)
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* Equation of motion

. 1 .
| L= 5192— mgl(1—cos6)

* Partial derivative of Lagrangian oL
wrt. pendulum angle 90,

—mglsin(6)
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* Equation of motion

* Partial derivative of Lagrangian
wrt. pendulum angle

* Partial derivative of Lagrangian
wrt. pendulum velocity

dL_ __
dt 06, 00,

9_
T

. 1 .
| L= 5192— mgl(1—cos )

—mglsin(0)

1
2

16°— mgl(1— cos )
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* Equation of motion

* Partial derivative of Lagrangian
wrt. pendulum angle

* Partial derivative of Lagrangian
wrt. pendulum velocity

dL_ __
dt 06, 00,

| 1 .
| L= 216"~ mgl(1-cosb)

Second kerm is
consktant wrk, 0
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* Equation of motion

* Partial derivative of Lagrangian
wrt. pendulum angle

* Partial derivative of Lagrangian
wrt. pendulum velocity

Second berm s
cownstank wrk, 6

jtgg _gg =T, L= %192— mgl(1—cos0)
oL
30, = —mglsin(0)
o _ 21
a6, 00 2
Apply power rule
to first term: fiz) =ra
. d 1,
differentiotes to: 10= 16°

96, 2
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d oL oL 1
. . — — T L: _192_ _
 Equation of motion 90 20 2 mgl(1—cos6)

* Partial derivative of Lagrangian JL .

— —mglsin(6)
wrt. pendulum angle 90,
* Partial derivative of Lagrangian oL _ 10
wrt. pendulum velocity 90,

* Time derivative of Partial P g
derivative of Lagrangian wrt. = — 10 = |4

Al oc dt 06, dt
pendufum velocity inertia remains constank
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d oL oL 1
- - —_—=1, | L=-16"- -
* Equation of motion 30 99 © 2 mgl(1—cos6)

* Partial derivative of Lagrangian
wrt. pendulum angle

* Time derivative of Partial
derivative of Lagrangian wrt.
pendulum velocity
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. ' 1.
* Equation of motion 10 + mglsin(0) = 1; | L= 5192— mgl(1— cos6)

* Partial derivative of Lagrangian
wrt. pendulum angle

* Time derivative of Partial
derivative of Lagrangian wrt.
pendulum velocity
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e ' 1.
* Equation of motion 10 + mglsin(0) = 1; | L= 5192— mgl(1— cos6)

02 - o - / _ 0S5 o - /. _ - cd = ! _ 052 o - , _ 025 o - , _ PR - - p _ = PR _ PR - - 7 _ P - = S e _ 28 <o . - S e _
— o g m - ST | .o o A —7 S BT Y- TNt . Zr oo oo TN 2 ) N o OF 7 Y- N > LV G A —on ., m - ST . RPN T > » PITORNPV D & O e PSP O ) = N T > » PIONPV D oo gma N N > » TN P O X Ny Y > v > o e - P Sl e

e Parallel axis theorem I = ml?

Inertia grows quadratically as mass moves
further from iks axis of rotation
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* Equation of motion

e Parallel axis theorem

) ' 1
160 + mglsin(0) = 7; L= 5192— mgl(1—cosb)

PR - y L8 - , _ - - o e P - L P _ - e PR _ - - o=
— - g o . Z — : - = ol . Z20 _ === B e o - E = O 0 2 = 2 — - = = P A oy 5 —_— - E < o = o F e
7 5F w3 ‘a8 > = o Saal > 4 w3 o = o o —— T 2 a4 - w3 0 = o o a4 - w3 —" ol 2 a4 = _ — S z a4 ="

[ = ml?
Inertia grows quadratically as mass moves
further ?rc)m ks axis of rotakion

tnerease therbia ko

steady for landing

.
.
.
.
= iA
Kol M

1
1
- 1
1 1
1
1
% | |
A ey N

decrease nerkin

ko spm
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Example: Pendulum

Equation of motion

(with rotational inertia /) h ' Motor produces torque
10 = —mglsin(0)+7 ” (angular force)

with Parallel Axis Theorem (/=m/?) ;
v 5 Angle expresses pendulum

Ié + mglsin(e) = T; ‘\ range of motion

Pendulum of length [ with
point mass m
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Example: Pendulum

Equation of motion

(with rotational inertia /) h ' Motor produces torque
10 = —mglsin(0)+7 ” (angular force)

with Parallel Axis Theorem (/=m/?) ;
v 5 Angle expresses pendulum

Ié + mglsin(Q) = T; ‘\ range of motion

Pendulum of length [ with
point mass m
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Example: Pendulum

Equation of motion

(with rotational inertia /) T Motor produces torque
16 = —mglsin () + T . (angular force)

with Parallel Axis Theorem (I=m/?) 9 5 Anol dul
; ngle expresses pendulum
.o . T .
0 = —%sm (0) + 2 = range of motion
m :

Pendulum of length [ with
point mass m
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Example: Pendulum

Equation of motion

(with rotational inertia /) T Motor produces torque
1O = —mglsin(0)+1T . (angular force)

with Parallel Axis Theorem (/=m/?) 1 9

0 = —gsin(G) ~ 1'2
[ ml

Angle expresses pendulum
range of motion

grvity mtOr : Pendulum of length | with
term term | point mass m
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Example: Pendulum

Equation of motion ;
(with rotational inertia /) T Motor produces torque
10 = —mglsin(0)+7 , (angular force)

with Parallel Axis Theorem (/=m/?) 1 9

0 = —gsin(G) — 1'2
[ ml

Angle expresses pendulum
range of motion

{ Numerical integration over time §

Ht-l—At — Ht —I— HtAt {
| Ot

Pendulum of length | with
point mass m
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Example: Pendulum

Equation of motion
(with rotational inertia /)

16 = —mglsin(0) + 1 (angular force)

T 0 Motor produces torque

with Parallel Axis Theorem (I=m/?) | 6 Note: state Is both pendulum »

: . T
0 =— ?sm (0) + 7 angle and velocity

{ Numerical integration over time }
¥ b F

et—I—At — 975 ‘|‘ HtAt {
| Otra N

Pendulum of length | with

| | point mass m
Euler integration
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Let’s see what happens

& C' | | file:///Users/logan/git_tmp/kineval/pendularm/pendularm1.html

System

t = 162.00 dt = 0.05
integrator = velocity verlet
x = =-1.26

x dot = -0.00

x_desired = -1.26

Servo: active

u = -37.32
kp = 1500.00
kd = 15.00
ki = 150.10
Pendulum

mass = 2.00
length = 2.00
gravity = 9.81

Keys

[0-4] - select integrator
a/d - apply user force

g/e - adjust desired angle
c - toggle servo

s - disable servo
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Whny Is Euler Integration
not the best choice”
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Whny Is Euler Integration
not the best choice?

I'hink about It as an
nitial value problem
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Initial value problem

From Wikipedia, the free encyclopedia

In mathematics, in the field of differential equations, an initial value problem (also called the Cauchy problem by some authors) is an
ordinary differential equation together with a specified value, called the initial condition, of the unknown function at a given point in the
domain of the solution. In physics or other sciences, modeling a system frequently amounts to solving an initial value problem; in this
context, the differential equation is an evolution equation specifying how, given initial conditions, the system will evolve with time.
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Initial value problem

From Wikipedia, the free encyclopedia

Given initial condition (0, yo) where Yo = f(%o)

time current
state
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Initial value problem

From Wikipedia, the free encyclopedia

Given initial condition (fo0,%0) where Yo = f(to) and
dy .

differential equation ¢’ = N the form

/() = £(t,y(1))

Nl e
ANLTN N/ Cd
o>

system velocity system dynamics
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Initial value problem

From Wikipedia, the free encyclopedia

Given initial condition (to, yo) where Yo = f(to) and
dy

differential equation y' = — in the form y'(t) = f(t,y(t))

How to estimate future state y(tg + h) ?

\
S
LS A

W~

hext
state
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Initial value problem

From Wikipedia, the free encyclopedia

Given initial condition (fo0,%0) where Yo = f(to) and

differential equation y' = % in the form ¢/ (t) = f(¢,y(t))

How to estimate future state y(tg + h) ?

numerical integration over timestep duration

to+ h
y(to + ) — y(to) = / £t y(t))dt
to

/o Integration over timestep
next state current state
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—uler Integration

to+h
Integral over timestep approximated as / f(t,y(t))dt = hf(to,y(to))
to

Discrete step from iteration n to iteration n+/ computed in two assignments

Advance state Advance time
Yn+1 = Yn T hf(tna yn) tnt1 =tn + h

next state \
current state  timestep duration * initial rate of change
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—uler Integration

to+h
Integral over timestep approximated as / f(t,y(t))dt =~ hf(to,y(to))
to

http://astro.physics.ncsu.edu/urca/course_files/Lesson15/index.html
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—uler Integration

to+h
Integral over timestep approximated as / f(t,y(t))dt =~ hf(to,y(to))
to

This Is the correct
Integration result

http://astro.physics.ncsu.edu/urca/course_files/Lesson15/index.html
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—uler Integration

to+h
Integral over timestep approximated as / f(t,y(t))dt =~ hf(to,y(to))
to

-~ [his IS where Euler
Integration results

This Is the correct
Integration result

http://astro.physics.ncsu.edu/urca/course_files/Lesson15/index.html
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The unofficial textbook
of this lecture



http://autorob.org

Example Euler integration of
2D point over 2 time steps

y(x) @) .-

| | |

X1 X9 X3 X

Figure 16.1.1. Euler’s method. In this simplest (and least accurate) method for integrating an ODE,
the derivative at the starting point of each interval 1s extrapolated to find the next function value. The
method has first-order accuracy.
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Second-order state
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Euler’s method

Advance position using velocity
Yn+1 = Yn T ynAt

Advance velocity using acceleration

Un+1 = Yn + ynAt

(yn)

Advance time accelerat'()n T g |
" 0=—=sin(0)+— |

’.' assumas second order system {(3, ,3” ) %raa&s veiou%v
y' = ﬂf( ) aMci a&&e{ma&mm ”_' = {'( ’) mdwwiuatl
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Euler’s method

Advance position using velocity
Yn+1 = Yn T ynAt
Advance velocity using acceleration

Advance time acceleration ™

/ 0 = —=sIn (9)+
tnt1 =ty + Al | |

Why is the pendulum going unstable?
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Example Euler
integration of 2D point
over 4 time steps
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Example Euler tuler integration
integration of 2D point j

over 4 time steps
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Example Euler tuler integration
integration of 2D point j

over 4 time steps
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uler Emﬁﬁgraﬁmm

Initial tangent

lution of state
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i o . (- Lo o sBa e 2

> . - _ . L - v, - _ 4

e . n Py . -
& > > . z g =
Cia s =7 - -

D

Scale bfj Eimeske

o~ __ [~ . - .

lution of state
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i o . (- Lo o sBa e 2

> . - _ . L - v, - _ 4

e . n Py . -
& > > . z g =
Cia s =7 - -

D

Scale bfj Eimeske

o~ __ [~ . - .

lution of state
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o sl e 2

xkend

by

L

to, Yo

imesk

teqration

Y3

lution of state
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Add to current state

f
B¢ A
q
, )
‘, |
'
N N
‘
\
- o
p - =7 - = - S/ - N S —
2 = ro o — x - e >z —  — 2 - TS ORS - = e == =

uler im&egr&%mm
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tuler integration
Add ko current skake
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—

eqration error

Llutio

n of state
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—

eqration error

teqration

Y3

lution of state
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accumulated
im&egra&am Error
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Can we &mprava
this tntegration
over btime?

accumulated
&m&egra&@m Error
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Can we improve
Ehis &m&egri&mm Y9 J3 Y4

over time?

Opkion 1:

accumulated
Option 2: integration error
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Cal we improve
this &M&egri&iam Y2 J3 Y4

over time?

O‘P%EOM 1:
Reduce E&mes%afa

accumulated
Option 2: integration error
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Can we &mprcwe
this tntegration
over kimwme?

OF?Emm 1:
Reduce kimes %e[p

QP&LQM 2
Use a bellter
inteqgrator

accumulated
&m&egra&am Error
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Verlet Integration
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Verlet integration

For a differential equation of second order of the type j’ ( t) = A ( j’( t ) ) with initial conditions T ( to) — I'pand j’ ( to) = Uy an

approximate numerical solution I, =~ I’ (tn ) atthetimes{ = {5 + 1 A\t with step size /At > () can be obtained by the
following method:

Advance position Yn+1 = 2yn — Yn—1 T a(yn)hZ
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Verlet Integration

2
q ( ) _ A Yn  Start with discrete time approximation of
Yn At2 acceleration at time n
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Verlet Integration

2
a ( ) _ A Yn  Start with discrete time approximation of
Yn At2 acceleration at time n

gn o gn—l

~ breakdown into velocities
At
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Verlet Integration

2
a ( ) _ A Yn  Start with discrete time approximation of
Yn At2 acceleration at time n

gn o gn—l

breakdown into velocities
At

X

Yn+1—"Yn Yn—"Yn—1

At At and then positions

At

X


http://autorob.org

Verlet Integration

A 2 L . L
Yn  Start with discrete time approximation of

a(y”) B /A 12 acceleration at time n
_ Yn — Yn—1 | N
~ breakdown into velocities
At
Yn+1—"Yn = Yn—"Yn-—1
~ At At and then positions
At

_ Ynt+1 — 2Yn + Yn—1 do some algebra
At?
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Verlet Integration

2
a ( ) A Yn  Start with discrete time approximation of
Yn At2 acceleration at time n

gn o gn—l

breakdown into velocities
At

X

Yn+1—"Yn = Yn—"Yn-—1
At At and then positions

At

_ Yn+1 — 2Un + Yn—1 do some algebra
A2
solve for next state :> yn-|-1 Qyn yn 1 _I_ (yn)Atz

X
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Verlet Integration

For a differential equation of second order of the type ( ) — _1( ( ))wnh initial conditions 7 (to) — T nand : ({O) — 1'0 an

approximate numerical solution 7°,, A% I (1‘ )at the imes £, — f + 1 Al with step size /Af > () can be obtained by the
following method:

1
Initialize Y1 = Yo + hyo -+ h2§a(y0)

Advance position YUnt+1 = Qyn — Yn—1 —+ a(yn)hQ

Do not forqget to initialize


http://autorob.org

Let’s see what happens

< o e file Users/cienkins /courses/cs148 2014/ 3isbot/pendulum/pendulum. html = E.] v { ) Q ‘v ﬂ m v - -



http://autorob.org

HOW adoes Verlet
integrate velocity”?
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Verlet Integration

For a differential equation of second order of the type () = _4( () ) with initial conditions T(tg) = Tgand T(tg) = Uy an
approximate numerical solution 7°,, =< f(z‘.n )atthe times ,, = 5 + n /At with step size A¢ > () can be obtained by the

following method:

1
Initialize Y1 = Yo + hyo -+ h2§a(y0)

Advance position Yn+1 = Qyn — Yn—1 —+ a(yn)hQ

Advance velocity . y(t+ h) —y(t—h)
(optional) In = 2%

+ O(h?)
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Verlet Integration

IS there a cleaner alternative?

Advance position YUnt+1 = Qyn — Yn—1 —+ a(yn)hQ

Advance velocity . y(t+ h) —y(t—h)
(optional) In = 2%

+ O(h?)
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Velocity Verlet

(i + AL) = y(t) + 9(OAL + Sa(t)AR

a(t) + a(t + At)

A
: t

y(t+ At) = y(t) +

-

j assumes that acceleration a(t + At)
only depends on position y(t + At) |

pr— 9= o 3
S — ) -
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Let’s see what happens

< o e file Users/cienkins /courses/cs148 2014/ 3isbot/pendulum/pendulum. html = E.] v { ) Q ‘v ﬂ m v - -
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Let’s see what happens

< o e file Users/cienkins /courses/cs148 2014/ 3isbot/pendulum/pendulum. html = E.] v { ) Q ‘v ﬂ m v - -
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Let’s revisit the
Planar 2-DOF 2-link Arm
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Planar 2-DOF 2-link Arm

Yo
Camera A
1S TN, _
777 3 . @ Zo

L
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Can we add another link?

® Double pendulum
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Locations of pendulum bobs

y n=hsmng, x=4smm@+isang, y,=-lcos&, y,=-fcos&—{,cosd,.

Lagrangian of pendulum bob positions

- Ve +m2v§ ml(if "')’f) +m2 (xg +y§)

2 2 2 2

s saa B © TR vews S g = PG T B W P L T X (o VL R — e go 508 IS B W P Bl N T VA PO ETA AT B a0 eyl o Qo Lo ocama UL SR o 2 e e e . g g ame
== = - > \ - Saad P 52 - i == ' - it o = _- == i e = 1 = F= bt > = - & e

T

V=g +magy,.

=

m, ' L=T-V=1T+7,- (V1+V2) = %‘(i’f +}}f)+%(i§ +)}§)_m18}’1_ FRa8V f

— - = - N — -
e - - 5 - - S = Ly = = - - y > - N -
A0 Sy Blg B V- TR LR o S o e A0 She 3 oo JE M S L nd S o e D PR T A0 S R4 T 2 = e td S o e L e YA e Y R e S c e S o e NS - h

http://www.math24.net/double-pendulum.html
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Lagrangian in generalized coordinates (joint angles)

xy=4cos&y &, X, =4cosq &+ cosd, &,,

T =22z +y) =22 Hdlcos® @+ ¥ &tsin @) = 2 1a?,
X 177 ( 1 1) 5 ( 1441 L R | 1) 5 (17
Wy f a2 | : : 2 . - 2
L= 72(7:3 +y§) = 72[(31&1003 ay+hd,cosa,) +{4 & sina +1,d, sin ;) ]
= 72[312&12 cos® @+ 860 cos® @, + 201G, cos @ cos @&, HIL G sin @ + 8 & sin® @, + 211,80, sin @ sin 61:2]
= D2 a2ad + 1268 + 200,y cos (@ - @) |
T o Lt Tt T el 1~ &) |

V) = gy = —mgl cos ay,

V= gy, = —myg ({ cos @+ cos @)

A - - 19 - - pRiat - At = <=
- g _ . L ~ =_- - o _ . L \ = _

L=T-V=T+%-(+7;)= {

= + ]31 &, +—2 Ld +mill i, cos( @ —a,)+(m +m,) gl cosa +m,gl, cos @,

= = R\ S~ - d - - > ne — Y
B roa O et ~ R — e B TE e pi AR o ooy o ot T RSN Iy NOg g oo g Toa. O Lok \— o

" — - 5 £ S : TS - = ~ > - S = = = =
- 9y < B - - o \ o

5 - - -
5.5 A e .. Shaa S ca e N o e =0 Se W Y

http://www.math24.net/double-pendulum.html
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http://www.math24.net/double-pendulum.html

Lagrangian equations of motion

d dL dLb .
g -0 i=12
di de; o0&,
ar » : AL C. .
i (122, + 1, ) 3] &+ di b G cos (@ — @), — — &y sin (@ — &, ) — (g + ) gl sin @,
& &
AL 3 - : AL C. .
vy = gl Gy +md G cos (@ — &), e bl ey sin (@) — &, ) — me,gl, sin &,
&, <t
Lagrangian EOM for first DOF (i=1)
%[(ml + iy ) i1 G + gl & cos (@ - ag):|+m23132d1d2 sin | &y — &, )+ (w8 +me,) gl sin @y =0,

= (ml +m2)ff<591 + el [éi’g Cos (afl - crg) — &, 81N (crl— ag) - (dl — d.g)]

iy d & sin( @y — @y ) + (e + ) gl sin @ = 0,

= (ml +m2)£12é?1 +myd\f, &, cos (al - az) - WM +m2£13'2d:§ 5111 (al_ az)

+ mall, acepsinrfTr = ) + () +my) gl sin g =0,

asha IR 5 SR YRR A sl e gt Rg. Lo _bsha P23 e il - Ao By Lo bosBa J> Al saniter i AE fep S Lo £ ag ooy Jogl Jaidl o4 aalccr e, aE £ap S G O <
=~

_ 7 e . .s

e - 5 - - L= Ly~ oo - N -
o3 P32 - = - LTS s f9%d v o e oS 1 R - 7 - LR o L3 N o g o oaa-on- & L oaky o R RH e B g g e O Q& S oy Lt N o eg ==

(120) +12y) & &+ imydy iy cos @y — G ) +imydy &5 sin (@ — ay ) + (g +m,) g sin @ = 0.
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Lagrangian equations of motion

d oL oL
dt 3, da,

=0, i=12

)4 —aa%' = (i) +imy ) L& +mpd & cos (@ — @), —;L = —m L& ysin (@ — @) — (e + ) gl sin @,
& &
o, apes

Lagrangian EOM for second DOF (i=2)
d

2 . . . . . .

= iyl Gy + gl & cos (@) — @) — maddy & sin (@ — @) (& — &) —mpdd, Gicy sin (@ — @)

+in,gl, sin &, =0,

2 .. .. . 2 . . . .
:m232 cr2+m23132alcos (Crl - az) - mgflig &y sin (cvl - Crg) + 2.

- mal oGyl sin (Tl = @) +mygl, sina, =0,

,\ “’.*‘ e "’5""; il ST SN Y SR aNSeS), '. Sy /_ _ - 1‘

IR i - —
— — > N R DO > P —— R R —

http://www.math24.net/double-pendulum.html &y +hécos( @ - @) = h& sin (@ - @) + g sin @,
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X The 2 equations of motion

(ml +m2)£12<:'}?1 + w0\l & cos (a*l — a’g) +m2£1£2<:5f§ S (a'l— C.‘:g) + (ml +m2) gl sin @ =0 ',

2 .e .. . 2 . .

Substitute equations into each other to
solve for &, and &,

What happened to the torques?

http://www.math24.net/double-pendulum.html
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System

t =6

119.20 dt = 0.05

integrator = runge-kutta

x]l =

X2 =

x1 desired

-1.46
x1l dot = -0.00
1.84
x2 dot = -0.00
= -1.46
= 1.84

x2 desired

Pendulum

mass

= 2.00

length = 2.00
gravity = 9.81

Keys

a/d -
1/2 -
3/4 -
clx -

apply user force
adjust desired angle 1
adjust desired angle 2
toggle servo

s - disable servo

Pendularm?2 by oharib
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Project 2.
Penaularm

o

https://raw.githubusercontent.com/autorob/

kineval-stencil/master/project_pendularm/
pendularm | .htm|

function init() {...
pendulum = { // pendulum object

length:2.0,
mass:2.0,
angle:Math.PI/2,
angle dot:0.0};

gravity = 9.81; // Earth gravity
t = 0; dt = 0.05;: // init time
pendulum.control = 0; // motor

// next lecture: PID control
pendulum.desired = -Math.PI/2.5;
pendulum.desired dot = 0;

pendulum.servo =
{kp:0, kd:0, ki:0};
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https://raw.githubusercontent.com/autorob/kineval-stencil/master/project_pendularm/pendularm1.html

function animate() { ...

1f (numerical integrator === "euler") {
// STENCIL: Euler integrator }
else 1f (numerical integrator === "verlet") {
// STENCIL: basic Verlet integration }
else 1f (numerical integrator === "velocity verlet") {
// STENCIL: velocity Verlet }
else 1f (numerical integrator === "runge-kutta") {
// STENCIL: Runge-Kutta 4 integrator }
else { }

// set the angle of the pendulum
pendulum.geom.rotation.y = pendulum.angle;
t =t + dt; // advance time

...}

function pendulum acceleration(p,g) {
// STENCIL: return acceleration from equations of motion }
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Nex up:

Conkrol
(although no Janet Jackson)
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